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Jackiw-Rebbi vacuum gauge fields and strong CP violation

It is known that the vacuum state of the Yang Mills theory has a reach topological structure

topological effect appeared due to the presence of gauge field configurations that cannot be

continuously joined with the identity transformation
Jackiw, Rebbi, 't Hooft, Callan, Dashen, Gross

1976

Vacuum Periodicity in a Yang-Mills Quantum Theory

—

These flat field configurations A, (Z) have zero potential energies are of the form

B R RN —20GF )
A, (Z) = gUn (X)VU,(Z), U(T¥)= SRy , U, =U;.
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For gauge functions U w takes on integer values.



Jackiw-Rebbi vacuum gauge fields and strong CP violation
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A, (Z) = (5 — @)A1 (Z) when « is continuously varying from —: to
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Figure 1: The graph shows the shape of the potential barrier between the Chern-Pontryagin
vacua. As « increases, the hight of the barrier increases and reaches its maximum at o = 0,

then it symmetrically decreases until o = %, where it again is equal to € = 0.



Jackiw-Rebbi QCD vacuum gauge fields and strong CP violation

The values of the gauge field although gauge equivalent to g(a:) = (, are not removed from

the integration over the field configurations by gauge fixing procedure because they belong to

different topological classes and are separated by potential barriers.
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< » instanton tunnelling transitions between degenerate zero energy vacua
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In the quantum theory tunnelling will occur across this barrier and the

1
e(r,a) = ZG%G‘;’_‘I = (5.51)

, L S
quantum-mechanical superposition ¥, (A4) = €™ ¢n(A) represents the Yang Mills 0 vac-

uum state The induced Chern-Pontryagin 6-angle term is Lorentz invariant, but

breaks the CP invariants, so that the distinct 6 vacuum states correspond to distinct theories



New exact solution of the sourceless Yang Mills equation
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Chromo-magnetic energy
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non-perturbative magnetic sheet of a Pnite thickne&s|a|,

tin the direction transversal to the shee Jse the Poynting vector vanisHea$ Ha = 0.



Conserved current

B = glaAPG?

The non-vanishing components are:

Ji=" % 1" (ax)2cosbz,
JZ= % 1" (ax)2sinbz,
J2=0,

#HJ5 = #HhJIp + #J7 =

The current vorticity #2 = $ %I

_ 1(ab! gH)(@+ P! a®x))¢

#g g (1 ! (ax)2)3/2

on the solutions of the Yang Mills equation” {°G}}, = 0.
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Chromo-magnetic Fluxes

1 0 L, 1
. 1 ( “q
1). The magnetic | W (L) = éTrP exp (g Axdx*) = cos 59 !
L
IS equal to! = % when a closed loofk is surrounding any oriented magnetic [3ux tub
| = 4
9

This solution is similar to the superposition of the Nielsen-Olesen magnetic 3ux tub




Exact hyperbolic solution of the sourceless Yang Mills equation
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How large is the class of covariantly constant vacuum gauge fields

how largeis the classof covariantly constantgaugebeldsdebPnedby the equation

n ab—~b _ Savvidy, Duff, Brown, Ramon-Medrano
G, =0.
# 1977

" aGh = 0. By taking covariant derivative " ¥ [! 4! \]**G}. =0.

[G"# , Gu! ] = 0.

the beld strength tensorfactorisesinto the product of Lorentz tensor $,,{' ) and colour unit vector (* (),

o (X) = G (X)n?(x).

The solution hasthe following form

1
Aﬁ = | QFU! X na,




Consider the Ansatz

Aa - B na+ }--abcnb| r-]C
M M g S S

nn* =1, n% n%=0. Cho, Faddeev, Niemi

n ab,b — a nabcp bC —
cno=1n*!t g=rA n" =0,

and therefore

w " PP =0. [ ! ]PnP= " glaGE nP= 0.

It follows that the Peld strength tensor factorise

1
ﬁ! = (Fu! + _Su!) na,

where J

Fo =!.B/ ! 1B, Sy = "#n? n n°

'l l (FH + éSu) — O,



General solution

A% = By(x)n?(x) + é!abcnb(x)"unc(x).
1
BH = | QFH! Xi
| Y " ' Y

n3(#) = {sinf (X)cos ~sinf (X)) sin ~ cosf (X))},

£ (X)) sin(f (X)) (X)) sin(f (X))

X = ayXx+ apy+ azz + apt,

Y = bix+ bpy+ bz+ hpt,

The equation debnes the general solution which depends on an arbitrary functib(X ).

Our aim is to describe the moduli space of the covariantly constant gauge Pelds debned by

equations and investigate their physical properties.



Properties of General solution

The square of the beld strength tensor Is

| I | a,Fub a’t’! (adb?
— = g T + :
4Gu' G 4Fu- Fu 0 2

wherea, and b are arbitrary constant Lorentz vectors

The magnetic energy density can be represented in the following forn

H2 1 1
$= | gm a(a %) + gz(a%!b)z.

Let us consider the solution wheB, = F,; =0, so that

_ Laancb
= —$"n"#,n°,

g T 22 (Ia "%



Properties of General solution

Let us considering the vectorsa, = (0,a,0,0) and b = (0,0, b,0), so that ! (x) = f (ax),

#(x,y) = by/f (ax)sinf (ax). The gauge beld will take the following form:
%

g (0,0, 0)
a by=f cos(+2_)" f!sin(f_ziynf byT cosf ) cos(—22-),
by sin(—2_) + f ' cos(r2— byﬁgosq;)sm(
" by(cos( ) + Tsmf
. y(cos( ) ( )) A
5" cosf)cos(+2)," cosf)sin(—2-), sinf ,
(0,0, 0)

where the derivatives are over the whole argumer#x. One can verify explicitly that it is a

solution of the Yang Mills equation.

the energy density of the chromomagnetic beld is a space time constan

1 a’ly



Properties of General solution

The non-vanishing components of the conserved curredif = g!2*°APGf | areﬁ

I
2 _ a0 |
Ji gf Sm(smf) COS(smf
J; = jo f cosf cos(—=)+ bycotf sm( + b ism(
2 g (smf Y smf iz SGing
2 I
2 — a_b by | ! f ﬂ
J3 0 f ' cosf Sm(smf) bycotf COS(Slnf) by]c COS )
a‘b,
J; = ¢ sinf.
9

", Jg = "yJi + "yJ3 = 0.

>This current is conserved on the solutions of the Yang Mills equation’ abi = 0.



Properties of particular solution

Considering " (X ) = arcsin(' 1! (aax)?)

Ochromomagnetic Rux sheetO solut; 3]

nd(x)= { 1! (aé&x)2cospax), 1! (a&x)?sin(béx), (a&x)},

where# = (a,0,0),%= (0, b,0).

which represents anon-perturbative magnetic sheet of a bnite thicknegs|a|,

and the corresponding gauge beld has the following form:

2 (0,0,0)
a " sin by ,! " cosby ,O (ax)z < 1
Aﬁ — | g I (ax)? 1! (ax)? |
i b 1! (ax)* ! axcosby,! axsinby, 1! (ax)
" (0,0, 0)

— 2
Aa =0, (ax)c # 1,



Comparison with the 't Hooft Polyakov monopole solution

The electromagnetic Peld strength is debPned by Ot Hooft as

1 1 a
Gy = n°GS. + é0/%b0n"ﬂ‘! (NNt &AL H &A,+ g%bcna&“nb&-nc, n = f;, (1.1)

where ! ,n? = &n? # g®°A n°®, A, = Ain® and n? is a unit colour vector. It reduces

to Gy = &A?# &A} in the space regions where the scalar Peld is in the third directiol
na =(0,0,1) and the Abelian PeldA, does not have Dirac string singularities.

the expression of the topologically conserved current is

1 1
Kp = énu!"# H G"# = 2—g"u!"# "abc#! n#. nb##nc : #HKIJ =0.

The Ot Hooft-Polyakov solution has the following form:
128 = u(r)n®, A2="3pla(r)

and has the following asymptotic properties

u0)=0, a0)=0, u(r) | % ar) | - glr



Comparison with the 't Hooft Polyakov monopole solution

The scalar beld 2 vanishes atx® = 0 and the corresponding topological densitK o(x) vanishes
everywhere expect fox® = 0 where it has singularity Ko = %%(&), which contributes to the
topological charge and is equal to the winding number of the map*(x):

I I
On = 3 d3XK 0= — d2| i"ijk uabcna#j nb#knC — _(

R 20 s2 g

Induces a magnetic 3ux of a single monopole:

l
_ X - hgs = X
HI_@; On = H;idS = g



Properties of General solution - Magnetic Fluxes
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[Landscape of Yang Mills theory vacuum
* — 1 I " a 1 " !a
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wherew, " w(3! ")andw, " w(3+").



[Landscape of Yang Mills theory vacuum
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Figure 4. The |l.h.s. graph shows the shape of the barrie(x, ") _when" parameter
changes in the interval [ £,0]. At " = ! 1 the energy density ) is equal td = 1/2
(a= b= g=1). As " increases, the hight of the barrier increases and reaches its maxim
at " =0, then it symmetrically decreases until" = %, where it again is equal tol = 1/2. The
r.h.s graph shows the shape of the potential barric  '2) between the Chern-Pontryagin va
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Chern-Pontryagin ©-angle and breaking the CP invariants
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In the quantum theory tunnelling will occur across this barrier and the

1
e(r,a) = ZG%G% = (5.51)
S I ,
quantum-mechanical superposition ¥, (A) = ,e"™ ¢¥n(A) represents the Yang Mills 6 vac-
uum state The induced Chern-Pontryagin 6-angle term is Lorentz invariant, but

breaks the CP invariants, so that the distinct 8 vacuum states correspond to distinct theories



Properties of General solution nonzero H

The square of the beld strength tensor Is

1 1 a,Fub a’t’! (adb?
ZGE! G = ZFH! Fur + g + 2 :

wherea, and b are arbitrary constant Lorentz vectors

The magnetic energy density can be represented in the following forn

$= M2, Ty a(a %Yb) + i(a%!b)z— i( VITEPTI
2 g 207 = 27 gH ! .

The minimum of ! Is realised when

OHyac = a” Ib, !(gHvac) =0



Properties of General solution nonzero H

When the Abelian part B,n? of the gauge potential is also present then the potential barri
will take the following form

227
3292
+2(1! 4" 925

I(H,x,y,") = (121 8 +16"2+32"31 8(1+4" 2) )(1| gH)+

gH
ab

(1! 4 2)2 (1! 4'2)°PHY?

1 3)?1 4"?)cosf (ax) + sinzf(ax) T (ax)?

At H = 0 It reduces to the previous expressioh(H =0,x,y," ) = 1(x,")

At " = +£1/2 we have

I(H,x,y, £1/2) = (gHI ab)?.

20°
At the minimum gHnin = ab the initial and Pnal conbgurations" = *1/2 have magnetic

energy density equal to zero
'(Hmin , X, y,21/2) =0.



Potential barriers between vacuum solutions

)Afi = | %Fij X ne + é#abcnb$inc, AS = 0,

OOI " 2
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the zero energy density is realised when

g = %' B 1(gFfa) = 0.
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A possible tunnelling transition between supertluxon flat configurations
and the flat
Jackiw-Rabbi configurations will wash out the CP violating © angle to zero
dynamically restoring CP symmetry

— 8 o — ICHW
"8 ") # I(#)*$"
"8 (Y ? I(#)#
— 8l ($# # — e
— e # : —

— — 10"

We do not know yet whether there exist the instanton-like transitions that would induce
a tunnelling between vacuum conbPgurations with nonzero Pontryagin ind¢ >0) and tt
OsuperRuxonO vacuum conbguratic : 46). A possible tunnelling transition betw
superf3uxon Rat conbPgurations and the [3at conbgurations with non-vanishing Chern-Pontryac
iIndex ) will wash out the CP violating' angle to zero, dynamically restoring CP symmetry.



[Landscape of Yang Mills theory vacuum

The existence of an even larger class of covariantly constant gauge pbelds described al
pointed out to the fact that the Yang-Mills vacuum has even higher degeneracy of vacuum pe
conbgutations. Each covariantly constant gauge beld conbguration on its own contains a r
diversity of emergent nonperturbative structures, and it is a challenging problem to invest
gate possible tunneling transitions between these highly degenerate states and to calculate

vacuum polarisation induced by the new class of covariantly constant gauge pelds.
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Happy birthday dear Brako !



