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Utrametric models in Mathematical Physics
Complex System

There are several motivations in physics and mathematics to
investigate ultrametric and p-adic mathematical models.

@ Breakdown of the Archimedean axiom at the Planck scale.

The number field invariance principle: Fundamental physical
laws should be invariant under the change of the number
fields.

Application of p-adic numbers to cryptography: they serve as
a primitive in the selection of the secure elliptic curves
allowing to solve the problem of counting the number of
solutions in finite fields of the bivariate polynomial equations
P(X,Y)=0.

Ultrametric spaces are adequate mathematical instrument for
investigation of hierarchical structures appearing in some
phenomena of the complex systems, where p-adics can be
used as a toy model.
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Complex System

The prototype of a completely disordered
system (order 0) is the ideal gas; no infor-

mation can be stored and its complexity is complexity ./IL"E' brain,
anguages,

zero. Pt 3G proteins,

The prototype of a completely ordered sys- / \ turbulence

tem is the ideal crystal (order 1); no infor- ’\ )gloss:es

mation can be stored and its complexity is N\ / :

zero. S —

A complex system is a system composed of

many components that may interact with

each other. The main question: How the

system’s parts give rise to the collective be- /gos cryslul\\ order

haviours, and how the system interacts with 0 |

the environment? disorder order
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Spin glasses — a paradigmatic example of complex system

The spin-glass Hamiltonian
H{O’} = _ZJiJUiaj’
i

The coupling constants are randomly distributed values with respect to some given
probability. The Sherrington-Kirkpatrick model (1975)

2
I

dJ:
dP[J] = — o772
L li_dl\/27rA

Disordered interactions result in “frustration”.

The signs along the edges indicate whether two neighbor-

ing spins prefer to point in the same (+) or opposite (-)

directions. It is therefore impossible to satisfy all the cou- ?
plings simultaneously on the square plaquette.
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Hierarchical structure of the free-energy landscape

The history dependent thermodynamic effects lead to the picture of
free-energy landscape of the hierarchically nesting metastable states
(Dotsenko et al., 1990; Refregier et al., 1987).

] T + AT

At a fixed temperature T, the system evolution corresponds to
the slow exploration of the numerous metastable states (at level a ) 9

T). When going from T to T — AT, the free-energy valleys .§_ - .T. 3
subdivide into smaller ones, separated by new barriers (level T — [ '3"
AT). [ El
For large enough AT (and in the limited experimental time win- -:—,- =
dow), the transitions can only take place between the sub valleys = E-AT
inside the main valleys, in such a way that the population rates T

of the main valleys are untouched, keeping the memory of the (g} 5 {7}

previous configuration at T. i=1,2,3
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Replica trick

The averaged over disorder free energy
< F]>y=—T < log Z[J] >,= —T/ dP[J]log Z[J].

The replica method overcomes the difficulty of the calculation of the logarithm of the
partition function Z by replacing it with n copies of Z through the identity

zZ"—-1
logZ = lim ———
n—0 n

In the analysis n is taken to be integer, while the analytic continuation n — 0 and the
thermodynamic limit N — oo are assumed.

Replicas have exactly the same coupling but evolves independently. The overlap
parameter (i — the lattice index and «, 8 are replica indexes)

N
1
Qap =72 070), 0<Qap<1.
i=1

One is searching for the saddle point solutions over Q.
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Parisi Matrix
The completely broken replica symmetry solution is 0 g e
given by the Parisi matrix with block hierarchical i "
structure, which possesses the p-adic parametriza- @ :2%’;; !
tion. 06 0
0 q
©0q@l q
2@l
Qo = pll@) ~ €B),), @B € {120, p") w o
q 204
' 9292 0
6~ 1
K K
O a=1+4Y ap ™t — l(a) =p "D ap', 5| NN x|
i=1 i=1 § H
0<a<p—-1, L€p "Zy/Zp. € et

o B) (@

i=1,2,3
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Dynamics on Ultrametric landscape

(Ogielski-Stein-Schreckenberg model 1985, revisited in 2003)

Given the hierarchical way in which the full-RSB construction is obtained the states (free energy minima) are
organized in the similar hierarchical way.

* p-Adic model of ultrametric diffusion

LR
e _ [ Al =)0 = . 0)duts) o '-v u,
* Fourier transform y'. .'y H,.,

~ 4r2 o0,
1D _ (el e ) HHAAARN o
cld bbbt
) = [ ol 60 - Din(e) T2 m
Qp
* Solution

.0 = [ 9(€)exp {3t} xo () e

p
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Dynamics on Ultrametric landscape

* The initial state decay problem:  R(t) = / f(z,t)du(z)
Zp

too +00
I R(t)=(1—=p™) Y p~" exp(—Aut) A= | (=) D00 + p( )
=0

0 P ~=1
* Landscape structure is encoded in the diffusion kernel. The
simplest assumption is the standard Arrhenius law

exp (—ap(|lz —y| )
ﬂ(\r—ylp):A(T)M a = HO/]CBT H’Y = Hoc,:z(p7)

lz —yl,

A(T) is the typical rate, Ho is the energy parameter. |x-y| in the denominator is the

volume of the maximal basin of states separated by the corresponding activation : SR,
barrier. The function phi determines the growth of the activation barriers (landscape et T . H
structure). a v v 4
P— 1 ZIRTITI

Logarithmic landscape -yl )= —— K .

Y~ In v oz =yl,) Tyl o=, v y H,,

o r2 0@
Linear landscape V.Op. ; — -t L
P H o~y VOB i) - e L .,

Exponential landscape [] ~, o7 oz —yl) = exp(=alz —yl,) AR RN

v v o —yl, 12 (@ :
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* The initial state decay problem: R(t)=(1-p)) p™exp(—Aut)

4
Au=p" [(L=p) D00 + o)

=0

Logarithmic

landscape

The relaxation follows the
Kohlrausch law (stretched
exponent)

Linear landscape  V.Op.

1
Hy~ry ol = 1l) = Gy
Exponential - ,
2LCsEans _ypy = Sk =)
L~ e oz —yl,) T,

10 10° 10* 1

° 10"

0.08

06 Lt i i it i
10° 10* 10° 10 10" 10° 10" 10°

tW

A Avetisov, A Kh Bikulov and V Al Osipov J. Phys. A: Math. Gen. 36 (2003) 4239-4246
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Frauenfelder hypothesis

G

Frauenfelder hypothesis on hierarchical STATE

structure of the conformation substates (CS)

in proteins. cc

EFI
[(a)

* H. FRAUENFELDER,” Function and \
Dynamics of Myoglobin”, Annals cs )
of the New York Academy of — ! !
Sciences, 504, 151-167(1987). Ef2

cs?
—— cc2
EF3
[3]
cs?
— CCS
. cta
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Myoglobin — the “hydrogene atom” of biophisics

* Myoglobin ‘C(:i\dp‘

3

Myoglobin (Mb) is an iron-containing protein found in the muscle tissue of (/
mammals. Its physiological function relates to increased oxygen transport A
to muscle and oxygen storage. Mb was the first protein to have its three-
dimensional structure revealed by the X-ray crystallography (John
Kendrew, Nobel prize in chemistry 1962).

Myoglobin contains the porphyrin complex of Fe. The iron atom oxidation
bound to O, is +2 (gives the color of fresh meat). The iron atom in the
oxidation state +3 gives the brown color (well done meat). The grilled
meat can also take on a reddish pink ring that comes from the heme
center binding to carbon monoxide -CO. The ligand binding causes
substantial structural change at the porphyrin complex center, which
shrinks in radius and the Fe atom moves into the center of the N4 pocket.
Such changes in spectrum allows directly detect the state of the reaction
centrum.
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P.J. Steinbach et. al., Biochemistry 30, 3988 (1991)

T T

ofF
* MbCO (in 75% glycerol solvent) is photodissociated at a -1t
temperature T into highly excited unbounded state Mb*, which
further relaxes to a bunch of functionally-active conformation —EL
states Mbl, where the CO-ligand rebinding becomes possible.
The evolution of markers characterizing the unbounded protein
concentration S(t) (survival probability) is followed as a =3r N
function of temperature and time after photodissociation. = (®) LI j150K
wv _ I L 1 1 " n 4 L n
hu « co I - =
MbCO ~» [Mb* — ... — Mby] = MbCO = °L
e The kinetics has unexpected dependance: -1
It becomes faster with increasing the temperature up to 170 K.
It slows down above 170 K and transforms from power-law to -2 1
exponential decay. 220K
-3t N\
High [CO]
B e e S %
log (t/s)
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p-Adic model

Conformational rearrangements are restricted to a bounded
region of the conformational space of the system and this
region is the p-adic disk

B, ={x:lxl,<p.r>1

The hierarchical landscape is linear, i.e. conformational

rearrangements are described by the Vladimirov operator . L _
initial distribution

In the region Br, there is a certain set of conformational states
in which the system can undergo irreversible transformations.

This set of states is described by the unit disc Zp. In other diffusion diffusion
words, there is a reaction-type sink at each point of the disc Zp. .

The rate of the reaction sink at each point of the disc Zp is
proportional to the mean value of the population density on

that disc. 54 | ultrametric distance L
« The initial distribution f (x, 0) is constant on the p-adic layer 0 1 )/ )4 p
Ros = {x:p™' < x|, <p°. 0< 8 <o <r}

reaction sink
00 = AGI(x) = A[Q (Ix],p™") — 2 (Ix],p7")]
ATl =p"—p’ 0<s<0
The observable (survival probability) is the integral (1) = f flx,t)du(x)
0,
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Theory and experiment comparizon

Spin glasses — a paradigmatic example

p-Adic model of the CO- rebinding kinetics to Mb

Block-rectangular hierarchical matrices
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At high temperatures (curve 1) the distribution f (x, t) reaches
quasi-equilibrium very fast in the whole volume, i.e. during the
observation period of time the function f (x, t) is close to a
homogeneous  distribution and the population decays
exponentially with the rate determined by the reaction rate.

As the temperature decreases (curves 2 and 3), a small section of

diffusion lgusion
| ;ultrametric distance

initial distribution

<
power relaxation appears on the curve S(7) and then extends to the
major part of the time window. In this case, the kinetics S(¢) is 541 b
limited first by the ultrametric diffusion (power section of S) and 0 l 1 P * )4
then by the reaction sink (exponential decay).
N 1 = r%'-lction sink
0.8- s
o E" - e
Eosl r=12 "t
3
£ 6=1
= o2 c=5 2
g A=100 220K
_3 ‘ ;
10° 10" 102 1 1 1 10° 107 10° (c) Hign [cO]
time (in dimensionless units) —4 1 1 1 L 1 i 1
-6 -4 -2 (o] 2

a=0.1(1),a=0.7@2)and ¢ = 1.2 (3)

A Avetisov, A H Bikulov, S V Kozyrev and V A Osipov J. Phys. A:

log (t/s)

Math. Gen. 35 (2002) 177-189
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p-adic diffusion equation:

Oft) — DBf(x, t)

ot

Ulx.y)
where x € Qp, t€ R, B ~ % Offers an accurate and
universal description of the protein conformation dynamics.
The description takes into account the symmetry properties
X y

(hierarchical self-similarity) of the state space only.

The ultrametric diffusion equation with a drift term:
Of (x, t) e—BU(xyl)
0oy

du(y
i P

(e;af(y)f(yj t) — ePEfF(x, t))

It describes diffusion on an arbitrary Ulx,y)
hierarchical energy landscape. The additional

terms generate a drift in the space. E)|

E(y Y
v
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Block-rectangular hierarchical matrix

Block-rectangular hierarchical matrix:

Q@ | @ Q@ | @
Q@ | @ % | @
a1 | @ 2 a1 | @ £2
a | @ a | @
w | a @ | a
w | @ Q@ | @
2 a | @ B a | q
@ | a | @

Here g is a 4 X 2 matrix. The model describes ultrametric

diffusion with a constant drift.
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Parisi matrix as an operator on a set of symbolic sequences

Tensor product representation of Parisi matrix.
Hilbert 2" dimensional space: Hor = h®@ h® - ® h, let w € Hor.
r

szzawg'ywa g’yw:‘f‘}l®"'®Wr7w®§wr—fy+1®"'®§wra
=0

r—y v
where a,'s are arbitrary, and $ is a projection: §|1 >=1|1 >, §|/0 >= 0|0 >.
Q is a Parisi matrix in the basis of |0 > and |1 > and has eigenvalues \(#) = Z::o ay
with mult(\(#)) = 2r—#—1,
Translation operator T It makes one step shift

'f'w1®--'®wr_1®w,:w,®w1®~--®w,_1, wj € h.

1> [0 >
1> |0 >

-
Il

1> [0 >
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The family of operators is introduced as the products

0=TQ,
Thus the evolution generated by Qisa composition of ultrametric
diffusion @ and deterministic process induced by T.

@ | @ QW | @

Q0 | @ % | @
a1 | P a1 | 9 P

a | Q@ a | %

q0 a1 q a1

90 a1 90 a1

a2 a | a2 a1 | @

a | @ a | @
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Spectral problem.

The spectral problem for the matrix O for prime r

A, m=r;
AT = & g2mii/r (AOY/ITTE (DAY LAY e m<r— 1
Q) m = 0.
The corresponding multiplicities are given by
1, m=r;
—m—1)!
mult (/\(’"”’)) = —(f*m(:ETVj!)lH; 7k l<m<r—-1;

(pfl)(l+w> m=0.

where A(#) = 22:0 ay are eigenvalues of the Parisi matrix and v; is the constrained
partition of m: Zle ivi = m, such that Zle vi<r—m.
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The family of operators

0=TQq,
Thus the evolution generated by 0 is a composition of ultrametric
diffusion @ and deterministic process induced by T.

Ultrametric diffusion with a

Errors generation model in

constant drift

Initial stage of the process.

information sequences

zone

Y,
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(]

zone

@ The information carrier ("disk”) consists of r cells. Each of them contains a
digit {0,1}. At the discreet moments of time t = 0,1,... disc rotates one step
clockwise, at t = £ < r the pointer S points to the fth cell.

@ The noise affects the cells placed “rightwards” to the point S. The probability
to affect «y consecutive cells is given by a (3-7_; ay = 1). The content of each
affected cell is replaced by any symbol from {0, 1} with equal probability.

@ Each state of the disc can be described by a vector w € Hor:

W(t) = Z WJ(t)‘eJ >, ‘ej >= ® |jk>ﬂ Jk € {0 1}7

J k=1
where w;(t) are probabilities to find the disc having informational content
encoded by the sequence of symbols J = [jij2...jr].
@ The result of £ steps time evolution is described by the operator
14 r
[1[75 e8| - oy - &

i=1 ~=0
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Estimation of losses.

The moment generation function

An auxiliary operator E

E=(14+e*P)@(1+e*P)® - (1 +e* P);
L =[0)(0]+ [1){1], P =[0)(1[+[1){0l,
so that < J|E|J' >= ek®, with k being the number of different symbols (compared

pairwise) in the sequences J and J'.
The moment generation function

Re(a) =< J0|-i-_£EQZ‘Jo > .

The mean value of the changes accumulated in the disk after ¢ rotations and its
square displacement are

< k >t:;€
< (k=< k>)? >

9o Ry(a)|a=0;
D2 R(a)|amo— < k >2_, .

v
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Number of errors statistics after full turn in case of Boltzmann noise.

The probabilities a~ are proportional to
e~ P7 with parameter 8 ~ 1/ T (inverse

temperature).

01

B

85 o3 o T3

@ 3 < 1: At high temperatures < k >~ 5 and var(k) ~ 7. Almost every cell are

affected. The probability that exactly k cells change their content is 27" (,’()
(Binomial distribution).

T 75 g

@ (B> 1: The randomising events caused by the noise are rare and mostly affect
one cell only. One observes the equality < k > var(k) (Poison process).

@ [ ~ 1: The variance reaches its maximal value.

Gutkin B., Osipov V.Al. J. Stat. Phys. 143 (2011) 72
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Quantum chaos

Quantum Chaos

Periodic orbits

p-close sequences

Exactly solvable many-body quantum chaos model

pls)
pls) 10 .
10 . i |
o8, 1 osr\ ]
\ GOE \
06F ¥ 9 4 o8 1
N \

osf AN 1 o % i
Vo, (a) S (b)

02 b = {1 o2 ~ 1

0 TR I 0 ool oo IR
1 z . T i

NONLINEARITY, NONLOCALITY AND ULTRAMETRICITY

Eigenvalue spasing distributions for
various quantum chaos systems.

Sinai Billiard (a), a hydrogen atom
in a strong magnetic field (b), a
NO; molecule (c), acoustic modes
of a Sinai shaped quartz block (d),
a chaotic microwave cavity (e), vi-
bration modes of a stadium shaped
plate (f). Both classical and quan-
tum systems can be modelled with

the Wigner distribution,

Ultrametricity in physics of complex systems
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Periodic orbits in Quantum chaos

@ One interested in statistics (correlations) of energy levels of a chaotic quantum
system.

@ Gutzwiller trace formula (h — 0), the density of energy levels

p(E)=  6(E—en)~ W(E) +Re > A exp (éSW(E))
" smooth part epo.

S is the classical action calculated along the periodic orbit v, A+ includes
inverse density of neighbouring trajectories.

@ Form factor correlations of ¢, <> correlations of S,

K(t) = /dse‘i” < p(E+e)p(E —¢) >~ ZAW.A:, exp (éAS,W,(E, 5))

2lel

@ Classification of trajectories with respect to their contribution?
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h

/

K(r) = [ dee < pEelplE—e) = 3 Ak oo (15,

vy

Classification of trajectories on their contribution:

1. diagonal approximation by Berry, v = «/;

2. Sieber-Richter pairs, v # +' 3 encounter;
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Exactly solvable many-body quantum chaos model
Backer's map

2wy, yTn): 0
\ (Tni1,Uns1) =

<z, <k
2-2z,,1-%), i<z, <1
o5
: #
o3
° 1
= Trajectory is encoded by a bi-infinite binary sequence 01100011,11101001
= The evolution is generated by the left-shift operator;
= The rational sequence corresponds to the periodic orbit.

[m] = = =
NONLINEARITY, NONLOCALITY AND ULTRAMETRICITY
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The frequency representation of sequences.

We do not interested in absolute position of symbols in the
sequence. The local filling is of our interest. J

The simplest chaotic system is the Backer's map: any cyclic symbolic sequence
encodes the periodic orbit.
Example: the cyclic sequence [001],

[00]
[01]
(10]
(11]

[N

The vector of frequencies x; (3) = (1110) contains information about the encounters.
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p-close sequences

p-closeness (v £ 3)

Two cyclic sequences of equal lengths, v and (3, are p-close if their
frequency vectors are equal xp[y] = x,[f].

Properties of £

o If v L o and ~y 2 3, then « £ B (transitivity);

o Ify PE! & then v £ a (nesting).

All symbolic sequences of a given length can be distributed over
hierarchically nested clusters.
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ALL PERIODIC SEQUENCES OF LENGTH
n=7

p=1

[1110000]
[1100000] [1101000]
[1010000] | | 1100100)
110010001 J | 1010100)
[1100010]

[1101000]
[1100100]
[1100010]

[1101000]
[1100010]

[1100100]

[1010000] | ([1001000]

[1101000]

[1100010]

NONLINEARITY, NONLOCALITY AND ULTRAMETRICITY

[0111111])

[0010111]

[0101111] -
[0011011] p=3

[001]101]

[0011011]

[0010111]
[0011101]

[o101111y | [ fo11o11] p=4

p=5
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Periodic sequences of the length n = 11

Clustering of cyclic binary sequences of the length n = 11 (only half of the tree, 94
sequences out of 188, is shown). The end-points represent the sequences, the numbers
in the circles give the total number of sequences in the corresponding cluster.

The maximal branching level of the tree is pmax = ["T_:';] + 1.
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Ultrametrics on a set of cyclic symbolic sequences

Ultrametric distance on the set of
cyclic symbolic sequences:

e d(a, B) = e Pmex Pmax = mEX(p)
ks

d(a7ﬁ) < d(Oé,’}/) + d(ﬁv’)/);
d(o B) < max (d(a, 7). d(5. 7)>~

What are statistics of clusters? }
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Some results regarding the cluster sizes

@ The total number of clusters in the regime of finite p and n > 1 grows as
1,0p-1
n (14 0(1/n))

@ The asymptotic for the average sizes of clusters, < ||C]| >.
— For n < /2P the average cluster size is one, < ||C|| >~ 1, and the number of
clusters is almost equal to the total number of cyclic sequences.

— For 2P/2 & n <« 2P one can find that log < ||C|| >~ n?.
-2

. . on 2p—1 2P
— For n > 2P the average size is < ||C|| >= = ( ) (1+ O(1/n)).

n nm

Further growth of n gives log < ||C|| >~ n.

9

Analytics

log<C>

s e s e s ww (N = 2P~ = 256)
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Some results regarding the cluster distributions

@ The size of the largest cluster, ||Cmax|| in the limit of long sequences n > 1 and
n 2P~
finite p behaves like ||Cmax|| = (27) (%) (1+0(n71)).
@ The probability density that a randomly chosen cyclic sequence belongs to a
cluster of the size less then t||Cmax]||, t € [0,1], it is (n > 1)
)2“271

(—logt

p(t) = N

@ Probability to find k randomly chosen sequences of the same length to be

_ k—1)2P—2
belonging to the same cluster: (%)y ’ <2p >( v2 (1+0(n1)).

wn
Exact distribution of cluster sizes for the
case p =3 at n = 70 (upper green) and
n = 47 (lower red) is shown in comparison
with the asymptotic expression
P(t) = t(1 — log t) (dashed blue line) and
. tefo,1],.

t [|Cmax|

t
Gutkin B., Osipov V.Al. Nonlinearity 26 (2013) 177
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Exactly solvable many-body quantum chaos model

= We consider D-dimensional (below D=2) lattice of interacting quantum
particles with individual chaotic behavior, which evolves in discrete time- N x M lattice
steps. The Hamiltonian

+o0
H(t)=H;+ Hg Y o(t—7)
T=—00
. HI - interaction of the nearest neighbor particles.

= Hg - the kick part induces independent chaotic evolution of non-
interacting particles in L-dimensional Hilbert space. The total basis

N M o
{IS) =1 I Isnm) s snm = 1,L}

n=1m=1

= The Floquet evolution operator acts in the discrete time-steps, at each step the evolution is a product of

two unitary operators:
U=UgUr 1
= The main object of our consideration is the correlation function <> = ﬁTr ()

Cr,t) = (Qu(0)Q2(1)) — (Q1(0)) (Q=(t)) | | Q) = u—Qu
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Quantum Chaos

Periodic orbits

p-close sequences

Exactly solvable many-body quantum chaos model

Introduction
p-Adic models in complex systems
Ultrametricity in Quantum Chaos

Exactly solvable many-body quantum chaos model

* TheHamitonian  H(t) = H; + Hye Y 8(t—7)

T=—00

The total basis { H H [$nm) s Snm :ﬁ}

n=1m=1

* The Floquet evolution operator acts in the discrete time-steps, at each step the evolution is a product of two unitary
operators: U = U Ur

« The Kick operator mixes the quantum states of a single particle Unitary matrix thla symbol g
no_ ig(s,s’)
N M s|u|gl||s’) = —=e€
(s[Ukls') (Sl ) N
s|\Uk|s :HH Sn,m|U|G||S 1 . , N
e n,m z Z 61g(s.s )e—lg (s".s") _ 5(57 S”)
8'=1

« The Interaction operator is diagonal, it only adds a phase to the evolution

(S‘U}‘S 75(8 S exp Z Z |:fh Snm73n+1 m)+fu(3n'ln73nm+l)

n=1m=1

NONLINEARITY, NONLOCALITY AND ULTRAMETRICITY Ultrametricity in physics of complex systems Vladimir Osipov
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Exactly solvable many-body quantum chaos model

The unitary evolution opera-
. . . N M
tor acts in the discrete time- <s\r»'x\s’>:&<s.s'><\xp{-2Z [f,<+> w f(+)”
n=1m=1
steps, the single step evolu- Y
Lo (slUxls"y = IT T1 (snmlulglls’, )
tion is a product U = Uk U, i

Dual evolution operators

U = Uklg|U[fy, f]

U = Uk[R]U[fn, g] U= Uklf]Uilg, f]

The operators with tilde are not necessary unitary.

The operators with tilde are unitary if the matrices with the symbols g, f, and f, are

unitary and satisfy the Hadamard property: uf = u, and |u,-,j{ = |uk7g|.
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Exactly solvable many-body quantum chaos model

In the completely dual unitary case the correlation
function nullifies inside and outside of the space-
timecone.  |¢| > |n| + |m)|

Im| > |n| +t|  |n| = [t + |m|

The only solutionis ¢t = 1M =n = 0
For the partially dual case only two inequalities

[t] = |nl+|m| O n| > [t] + |m]|
T - The only possible location of the non-trivial
“{ 2 correlations is the cone edge.

The problem of correlation function for the partially unitary dual quantum chaotic map is exactly solvable.
— Tt 2|, t —t[ln X
C(t) =< Djne| TE2| D0 >oc AL oc e~ lIn M1l

The operators with tilde are not necessary unitary.
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The kicked Ising spin-lattice model

The i tion and kicked F iltonians in the minimal di ion Hilbert space (L=2) for the partially unitary-dual Ising model with an external magnetic
field too N M
T
SEsA P " -
H(t)= Hr + Hg E ot —1) Hy = P g g Ornym Pauli matrices

()

T=—00 n=1m= . 10 » 01 .
Fod b o= 0 -1 o= 10)° (4
. !
=533 Gimtiam+ 30 D [B05ndime + 1]

n=lm=1 n=lm=1
Initial and final states are connected by a line composed of iden-
tical unit cells along the light-cone adge Spatotemporal dualty -
2
. [T

. 0{0 ‘ '
e 5

The transfer matrix has block hierarchical structure

C(t) =< ®ppie| TH2| iy >
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