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Utrametric models in Mathematical Physics
Complex System

There are several motivations in physics and mathematics to
investigate ultrametric and p-adic mathematical models.

Breakdown of the Archimedean axiom at the Planck scale.
The number field invariance principle: Fundamental physical
laws should be invariant under the change of the number
fields.

Application of p-adic numbers to cryptography: they serve as
a primitive in the selection of the secure elliptic curves
allowing to solve the problem of counting the number of
solutions in finite fields of the bivariate polynomial equations
P(X ,Y ) = 0.

Ultrametric spaces are adequate mathematical instrument for
investigation of hierarchical structures appearing in some
phenomena of the complex systems, where p-adics can be
used as a toy model.
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Complex System

The prototype of a completely disordered
system (order 0) is the ideal gas; no infor-
mation can be stored and its complexity is
zero.
The prototype of a completely ordered sys-
tem is the ideal crystal (order 1); no infor-
mation can be stored and its complexity is
zero.
A complex system is a system composed of
many components that may interact with
each other. The main question: How the
system’s parts give rise to the collective be-
haviours, and how the system interacts with
the environment?
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Spin glasses – a paradigmatic example of complex system

The spin-glass Hamiltonian

H {σ} = −
∑
i ,j

Ji ,jσiσj ,

The coupling constants are randomly distributed values with respect to some given
probability. The Sherrington-Kirkpatrick model (1975)

dP[J] =
∏
i,j

dJi,j√
2π∆

e−
J2i,j
2∆

Disordered interactions result in “frustration”.

The signs along the edges indicate whether two neighbor-
ing spins prefer to point in the same (+) or opposite (-)
directions. It is therefore impossible to satisfy all the cou-
plings simultaneously on the square plaquette.
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Hierarchical structure of the free-energy landscape

The history dependent thermodynamic effects lead to the picture of

free-energy landscape of the hierarchically nesting metastable states

(Dotsenko et al., 1990; Refregier et al., 1987).

At a fixed temperature T , the system evolution corresponds to
the slow exploration of the numerous metastable states (at level
T ). When going from T to T − ∆T , the free-energy valleys
subdivide into smaller ones, separated by new barriers (level T−
∆T ).
For large enough ∆T (and in the limited experimental time win-
dow), the transitions can only take place between the sub valleys
inside the main valleys, in such a way that the population rates
of the main valleys are untouched, keeping the memory of the
previous configuration at T .
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Replica trick

The averaged over disorder free energy

< F [J] >J= −T < logZ [J] >J= −T

∫
dP[J] logZ [J].

The replica method overcomes the difficulty of the calculation of the logarithm of the
partition function Z by replacing it with n copies of Z through the identity

logZ = lim
n→0

Zn − 1

n

In the analysis n is taken to be integer, while the analytic continuation n → 0 and the
thermodynamic limit N → ∞ are assumed.
Replicas have exactly the same coupling but evolves independently. The overlap
parameter (i – the lattice index and α, β are replica indexes)

Qα,β =
1

N

N∑
i=1

σα
i σ

β
i , 0 ≤ Qα,β ≤ 1.

One is searching for the saddle point solutions over Q.
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Parisi Matrix

The completely broken replica symmetry solution is
given by the Parisi matrix with block hierarchical
structure, which possesses the p-adic parametriza-
tion.

Qα,β = ρ(|ℓ(α)− ℓ(β)|p), α, β ∈ {1, 2, . . . , pκ}

ℓ : α = 1+
κ∑
i=1

aip
i−1 −→ ℓ(α) = p−κ

κ∑
i=1

aip
i−1,

0 ≤ ai ≤ p − 1, ℓ ∈ p−κZp/Zp .
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Dynamics on Ultrametric landscape
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Dynamics on Ultrametric landscape

A Avetisov, A Kh Bikulov and V Al Osipov J. Phys. A: Math. Gen. 36 (2003) 4239–4246
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Frauenfelder hypothesis

NONLINEARITY, NONLOCALITY AND ULTRAMETRICITY Ultrametricity in physics of complex systems Vladimir Osipov



Introduction
p-Adic models in complex systems
Ultrametricity in Quantum Chaos

Spin glasses – a paradigmatic example
p-Adic model of the CO- rebinding kinetics to Mb
Block-rectangular hierarchical matrices
Model of information sequences

Myoglobin – the “hydrogene atom” of biophisics
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CO- rebinding kinetics to Mb
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p-Adic model
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Theory and experiment comparizon

A Avetisov, A H Bikulov, S V Kozyrev and V A Osipov J. Phys. A: Math. Gen. 35 (2002) 177–189
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p-adic diffusion equation:
∂f (x,t)

∂t = Dβ
x f (x , t)

where x ∈ Qp , t ∈ R, β ∼ 1
T
. Offers an accurate and

universal description of the protein conformation dynamics.

The description takes into account the symmetry properties

(hierarchical self-similarity) of the state space only.

The ultrametric diffusion equation with a drift term:

∂f (x , t)

∂t
=

∫
X

dµ(y)
e−βU(|x,y |)

|x , y |

(
eβE(y)f (y , t)− eβE(x)f (x , t)

)

It describes diffusion on an arbitrary

hierarchical energy landscape. The additional

terms generate a drift in the space.
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Block-rectangular hierarchical matrix

Block-rectangular hierarchical matrix:


q0 q1
q0 q1
q1 q0
q1 q0

q2

q0 q1
q0 q1
q1 q0
q1 q0

q2

q2

q0 q1
q0 q1
q1 q0
q1 q0

q2

q0 q1
q0 q1
q1 q0
q1 q0


.

Here q2 is a 4× 2 matrix. The model describes ultrametric

diffusion with a constant drift.
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Parisi matrix as an operator on a set of symbolic sequences

Tensor product representation of Parisi matrix.
Hilbert 2r dimensional space: H2r = h ⊗ h ⊗ · · · ⊗ h, let ω ∈ H2r .

Q̂ω =
r∑

γ=0

aγ Ŝγ ω, Ŝγ ω = ω1 ⊗ · · · ⊗ ωr−γ︸ ︷︷ ︸
r−γ

⊗ ŝωr−γ+1 ⊗ · · · ⊗ ŝωr︸ ︷︷ ︸
γ

,

where aγ ’s are arbitrary, and ŝ is a projection: ŝ|1 >= 1|1 >, ŝ|0 >= 0|0 >.

Q̂ is a Parisi matrix in the basis of |0 > and |1 > and has eigenvalues λ(µ) =
∑µ

γ=0 aγ

with mult(λ(µ)) = 2r−µ−1.

Translation operator T̂ It makes one step shift

T̂ω1 ⊗ · · · ⊗ ωr−1 ⊗ ωr = ωr ⊗ ω1 ⊗ · · · ⊗ ωr−1, ωj ∈ h.

T̂ =


|1 > |0 >

|1 > |0 >
· ·

· ·
· ·

|1 > |0 >

 ,
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Block-rectangular hierarchical matrices

The family of operators is introduced as the products

Q̂ = T̂ Q̂,

Thus the evolution generated by Q̂ is a composition of ultrametric
diffusion Q̂ and deterministic process induced by T̂ .



q0 q1
q0 q1
q1 q0
q1 q0

q2

q0 q1
q0 q1
q1 q0
q1 q0

q2

q2

q0 q1
q0 q1
q1 q0
q1 q0

q2

q0 q1
q0 q1
q1 q0
q1 q0


.
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Spectral problem.

The spectral problem for the matrix Q̂ for prime r

Λ(m;ν;j) =


λ(r), m = r ;

e2πij/r
(
λ(0)

)1−m/r ∏ℓ
i=1

(
λ(i)λ(i−1) . . . λ(1)

)νi/r , 1 < m < r − 1;

λ(0), m = 0.

The corresponding multiplicities are given by

mult
(
Λ(m;ν)

)
=


1, m = r ;

(r−m−1)!
(r−m−

∑
i νi )!

∏
i νi !

, 1 < m < r − 1;

(p − 1)
(
1 + (p−1)r−1−1

r

)
m = 0.

where λ(µ) =
∑µ

γ=0 aγ are eigenvalues of the Parisi matrix and νi is the constrained

partition of m:
∑ℓ

i=1 iνi = m, such that
∑ℓ

i=1 νi ≤ r −m.
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Mapping onto the information disk model

The family of operators

Q̂ = T̂ Q̂,

Thus the evolution generated by Q̂ is a composition of ultrametric

diffusion Q̂ and deterministic process induced by T̂ .

Ultrametric diffusion with a
constant drift

Initial stage of the process.

Errors generation model in
information sequences
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The information carrier (”disk”) consists of r cells. Each of them contains a
digit {0, 1}. At the discreet moments of time t = 0, 1, . . . disc rotates one step
clockwise, at t = ℓ ≤ r the pointer S points to the ℓth cell.
The noise affects the cells placed “rightwards” to the point S . The probability
to affect γ consecutive cells is given by aγ (

∑r
γ=0 aγ = 1). The content of each

affected cell is replaced by any symbol from {0, 1} with equal probability.
Each state of the disc can be described by a vector w ∈ H2r :

w(t) =
∑
J

wJ(t)|eJ >, |e j >=
r⊗

k=1

|jk ⟩, jk ∈ {0, 1},

where wJ(t) are probabilities to find the disc having informational content
encoded by the sequence of symbols J = [j1j2 . . . jr ].
The result of ℓ steps time evolution is described by the operator

ℓ∏
i=1

T̂
r∑

γ=0

aγ Ŝγ

 = (T̂ Q̂)ℓ = Q̂ℓ
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Estimation of losses.

The moment generation function

An auxiliary operator Ê

Ê = (1+ eα P)⊗ (1+ eα P)⊗ · · · ⊗ (1+ eα P);

1 = |0⟩⟨0|+ |1⟩⟨1|, P = |0⟩⟨1|+ |1⟩⟨0|,

so that < J|Ê |J′ >= ekα, with k being the number of different symbols (compared
pairwise) in the sequences J and J′.
The moment generation function

Rℓ(α) =< J0|T̂
−ℓÊQ̂ℓ|J0 > .

The mean value of the changes accumulated in the disk after ℓ rotations and its
square displacement are

< k >t=ℓ = ∂αRℓ(α)|α=0;

< (k− < k >)2 >t=ℓ = ∂2
αRℓ(α)|α=0− < k >2

t=ℓ .
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Number of errors statistics after full turn in case of Boltzmann noise.

The probabilities aγ are proportional to

e−βγ with parameter β ∼ 1/T (inverse

temperature).

β ≪ 1: At high temperatures < k >∼ r
2
and var(k) ∼ r

4
. Almost every cell are

affected. The probability that exactly k cells change their content is 2−r
( r
k

)
(Binomial distribution).

β ≫ 1: The randomising events caused by the noise are rare and mostly affect
one cell only. One observes the equality < k >≃ var(k) (Poison process).

β ∼ 1: The variance reaches its maximal value.

Gutkin B., Osipov V.Al. J. Stat. Phys. 143 (2011) 72
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Quantum chaos

Eigenvalue spasing distributions for
various quantum chaos systems.

Sinai Billiard (a), a hydrogen atom
in a strong magnetic field (b), a
NO2 molecule (c), acoustic modes
of a Sinai shaped quartz block (d),
a chaotic microwave cavity (e), vi-
bration modes of a stadium shaped
plate (f). Both classical and quan-
tum systems can be modelled with
the Wigner distribution,

p(s) = sβe−ξs2
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Periodic orbits in Quantum chaos

One interested in statistics (correlations) of energy levels of a chaotic quantum
system.

Gutzwiller trace formula (ℏ → 0), the density of energy levels

ρ(E) =
∑
n

δ(E − εn) ≃ W (E)︸ ︷︷ ︸
smooth part

+Re
∑

γ∈P.O.

Aγ exp

(
i

ℏ
Sγ(E)

)

Sγ is the classical action calculated along the periodic orbit γ, Aγ includes
inverse density of neighbouring trajectories.

Form factor correlations of εn ⇔ correlations of Sγ

K(τ) =

∫
dεe−iετ < ρ(E + ε)ρ(E − ε) >≃

∑
γγ′

AγA∗
γ′ exp

(
i

ℏ
∆Sγγ′ (E , ε)

)

Classification of trajectories with respect to their contribution?
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K(τ) =

∫
dεe−iετ < ρ(E+ε)ρ(E−ε) >≃

∑
γγ′

AγA∗
γ′ exp

(
i

ℏ
∆Sγγ′

)

Classification of trajectories on their contribution:

1. diagonal approximation by Berry, γ = γ′;

2. Sieber-Richter pairs, γ ̸= γ′ ∃ encounter;
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Backer’s map

NONLINEARITY, NONLOCALITY AND ULTRAMETRICITY Ultrametricity in physics of complex systems Vladimir Osipov



Introduction
p-Adic models in complex systems
Ultrametricity in Quantum Chaos

Quantum Chaos
Periodic orbits
p-close sequences
Exactly solvable many-body quantum chaos model

The frequency representation of sequences.

We do not interested in absolute position of symbols in the
sequence. The local filling is of our interest.

The simplest chaotic system is the Backer’s map: any cyclic symbolic sequence
encodes the periodic orbit.
Example: the cyclic sequence [001],

 0
0
1

 [00] 1
[01] 1
[10] 1
[11] 0

The vector of frequencies x2 (3) = (1 1 1 0) contains information about the encounters.
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p-close sequences

p-closeness (γ
p∼ β)

Two cyclic sequences of equal lengths, γ and β, are p-close if their
frequency vectors are equal xp[γ] = xp[β].

Properties of
p∼

If γ
p∼ α and γ

p∼ β, then α
p∼ β (transitivity);

If γ
p+1∼ α then γ

p∼ α (nesting).

All symbolic sequences of a given length can be distributed over
hierarchically nested clusters.
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Periodic sequences of the length n = 11

Clustering of cyclic binary sequences of the length n = 11 (only half of the tree, 94
sequences out of 188, is shown). The end-points represent the sequences, the numbers
in the circles give the total number of sequences in the corresponding cluster.

The maximal branching level of the tree is pmax =
⌈
n−3
2

⌉
+ 1.
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Ultrametrics on a set of cyclic symbolic sequences

Ultrametric distance on the set of
cyclic symbolic sequences:

d(α, β) = e−pmax pmax = max
α

p∼β

(p)

d(α, β) ≤ d(α, γ) + d(β, γ);

d(α, β) ≤ max

(
d(α, γ), d(β, γ)

)
.

What are statistics of clusters?
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Some results regarding the cluster sizes

The total number of clusters in the regime of finite p and n ≫ 1 grows as
1
4
n2

p−1
(1 + O(1/n))

The asymptotic for the average sizes of clusters, < ∥C∥ >.
– For n ≲

√
2p the average cluster size is one, < ∥C∥ >≈ 1, and the number of

clusters is almost equal to the total number of cyclic sequences.
– For 2p/2 ≪ n ≪ 2p one can find that log < ∥C∥ >∼ n2.

– For n ≫ 2p the average size is < ∥C∥ >= 2n

n

(
2p−1

nπ

)2p−2

(1 + O(1/n)).

Further growth of n gives log < ∥C∥ >∼ n.

(N = 2p−1 = 256)
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Some results regarding the cluster distributions

The size of the largest cluster, ∥Cmax∥ in the limit of long sequences n ≫ 1 and

finite p behaves like ∥Cmax∥ =
(

2n

n

)(
2p

πn

)2p−2 (
1 + O(n−1)

)
.

The probability density that a randomly chosen cyclic sequence belongs to a
cluster of the size less then t ∥Cmax∥, t ∈ [0, 1], it is (n ≫ 1)

ρ(t) =
(− log t)2

p−2−1

(2p−2 − 1)!
.

Probability to find k randomly chosen sequences of the same length to be

belonging to the same cluster:
(
1
k

)2p−2 (
2p

πn

)(k−1)2p−2 (
1 + O(n−1)

)
.

Exact distribution of cluster sizes for the

case p = 3 at n = 70 (upper green) and

n = 47 (lower red) is shown in comparison

with the asymptotic expression

P(t) = t(1− log t) (dashed blue line) and

t ∥Cmax∥, t ∈ [0, 1],.

Gutkin B., Osipov V.Al. Nonlinearity 26 (2013) 177
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Exactly solvable many-body quantum chaos model

NONLINEARITY, NONLOCALITY AND ULTRAMETRICITY Ultrametricity in physics of complex systems Vladimir Osipov



Introduction
p-Adic models in complex systems
Ultrametricity in Quantum Chaos

Quantum Chaos
Periodic orbits
p-close sequences
Exactly solvable many-body quantum chaos model

Exactly solvable many-body quantum chaos model

NONLINEARITY, NONLOCALITY AND ULTRAMETRICITY Ultrametricity in physics of complex systems Vladimir Osipov



Introduction
p-Adic models in complex systems
Ultrametricity in Quantum Chaos

Quantum Chaos
Periodic orbits
p-close sequences
Exactly solvable many-body quantum chaos model

Exactly solvable many-body quantum chaos model

The unitary evolution opera-
tor acts in the discrete time-
steps, the single step evolu-
tion is a product U = UKUI

Dual evolution operators

U = UK [g ]UI [fh, fv ]

Ũ = UK [fv ]UI [fh, g ] Ũ = UK [fh]UI [g , fv ]

The operators with tilde are not necessary unitary.

The operators with tilde are unitary if the matrices with the symbols g , fh and fv are

unitary and satisfy the Hadamard property: u† = u, and
∣∣ui,j ∣∣ = ∣∣uk,ℓ∣∣.
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The problem of correlation function for the partially unitary dual quantum chaotic map is exactly solvable.

C(t) =< Φinit |T̂ t−2|Φfinal >∝ λt
1 ∝ e−t|lnλ1|

The operators with tilde are not necessary unitary.
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The kicked Ising spin-lattice model

Initial and final states are connected by a line composed of iden-
tical unit cells along the light-cone adge

The transfer matrix has block hierarchical structure

C (t) =< Φinit |T̂ t−2|Φfinal >
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