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Let T={0,1,2,..}and V= {j € T: k-2°<j < (k+1)-2%},
where k€ T, s € N ={1,2,3,...}.

The hierarchical distance da(i,7), 7,7 € T, i # j is defined as
do(i,§) = 2509 where

s(i,7) = min{s: is k € T such that i,j € V}}
Let T2 =T x T, k = (k1, k2) € T2,
Ve ={(1,52) € T : k1-2° <1 < (k141)2°, k-2° < jp < (kp+1)-2°}.
For any k = (k1,ke) € T?, 1 = (I1,15) € T?, k # [ we define

s(k,1) = max(s(ky,11), s(ka,12)). The hierarchical distance on T2 is
defined as dy(k,1) = 2500,
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Let us consider a 4-component fermionic field

V* (i) = (D1(i), Y1 (i), b2 (i), 1h2(d)), i€ T?,

all components of which are generators of the Grassmann algebra. Let
us redenote ViV by Ay. Let I'y be the Grassmann subalgebra
generated by all generators

1), 1 (i), (i), a(i),i € An.
The block-spin renormalization group transformation is defined by the
formula
O (6) = (r(@)w*) (i) =277 Y (), (1)
Jjev}

where a € R! is the renormalization group parameter.
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The Gaussian fermionic field with zero mean and binary correlation
function

(n(k)om (1)) = 6pmb(k,1), n,m=12 kleT?

is defined on the entire lattice as a quasi-state (expectation) (-) on the
algebra of all monomials such that (F') for a monomial of even degree
F is calculated according to Wick’s rules and (F) = 0 for any
monomial of odd degree, dy, ,,, is the Kronecker symbol. Here we use
the following notations:

P(i) = (W1(i), a(i)),  ©(i) = (1(i),1h2(4)),
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We define the following functions on 72
d(k, l, )\) = dg(k7 l), if S(kh ll) 7é S(k‘g, ZQ),

d(k,l; N) = Mda(k, 1), if s(k1,11) = s(ke, l2),
24+ A\

). _ Ja . : ). _ T
f(kala>Va)_d (kalv)‘>7 lfk#la f(kak7>ﬁa>_ 4(1_27(2+a))’

A is a real parameter, A > 0.
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Let b(k,l; A\; ) = f(k,1; A\ — 4). Tt was shown in [1] that a zero-mean
Gaussian fermionic field with a binary correlation function

<wn(k‘)1z}m(l)> = 5n,mb(kal§ Aa), n,m=1,2, kle T?

is invariant under the transformation of the renormalization group
with the parameter « (1). Let us denote the corresponding Gaussian
quasi-state as po(A; ).
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Consider the restriction of the Gaussian state po(A; ) to the volume
I'y. It follows from [1, Theorem 1] that for any F(¢*) € T'y:

P ) (F(5")) = 23 (i) [ () exp(~Hon (675X} v,
= [T dwi(i)den (i) dis(i) dis(i),

i€EAN

integration is carried out according to the rules of superanalysis,

Zn(\a) = /exp{—Ho,N(w*;)\;a)}dd}*-
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Consider the local potential (self-action) for a 4-component fermionic
field: ~ ~ o
L™, g) = r(Y1r + tath2) + gihrrpatpa.
Denote u(9*(i)) = exp{—L(v*(3); 7, g) }. We will use the notation
pn (X a;u) for the state in the algebra I'y defined by the formula:

N(A;a;u)(F) :Zﬁl(A;a;u)/Fexp{ Hon(¥"; X 0a)} H ) do*,

1EAN

Zy(asu) = [ exp{~How(w'xa)) ] u(w* (@) dv.

1€EAN
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If p is a state on I'y, then the renormalized state of p’ is defined on
I'nv_1 according to the formula: p' (F(¢*')) = p (F(r(a)y*)). Let’s
define a quadratic form:

D FG G p(N); =) (07 (5) = Qi(n"), k€ An_1.
i,jeVE

24 pu~¢
41— 202

41— 220y —3xe—t @
MO\) - ()\a4(1 _ 22704) —-3. 22a> ’

f(Zajmua —OZ) = 27&7 if dQ(Zaj) =1and 5(i17.j1) 3& S(i27j2)’ (2)

fG, gy —a) = (2u)™%,  if d2(4,j) = 1 and (i1, j1) = s(iz, j2)-
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In [1, Theorem 2], it was proved that
Py a5 u) = pyo1 (A ez u)

where

@ =[5 X wr | expl-Qulr) +

ieVy

« I (w2207 +07()) di ). (3)

eV

Let us denote the transformation in the density space given by the
right side (3) as R(a)u. From this formula we see that the

transformation of the renormalization group R(«) is local and does
not depend on N.
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In this section, instead of regular densities of the form

u(y”) = exp{—L(¢";7,9)}
we will use Grassmann-valued densities of the general form

u(Y*) = co + 01(1/_)11/11 + "/_)277/}2) + 027517/111/_’21#2-
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The triple ¢ = (¢, ¢1, ¢2) can be naturally treated as a point in the
two-dimensional real projective space because two sets that differ by a
nonzero factor represent the same Gibbs state. Let

(22704 _ 1)(}\0474 _ 1)

6=2
)\a—4+24—a -9

+2,y =292,
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Theorem

Let u (¥*') = R(a)u. Then

u (%) = co + ey (P13 + Dathy) + oty 1oty (4)

co = folc; 8) = ch(6% — 20 + 1) + 31 (—40% + 65 — 2)+

+ciea (62 — 6+ i) + c2c2(50% — 36 — Z) + c2cica (=262 — 5 + 1)+

2 20% 1 S0 os2 5 02 3
+ COCQ(Z + 5) + cocy (=20 — 30 + 3) + 006102(5 +55 — §)+
; 52 9.2
tagad(-0-1)+ L2+ H T +0) +da(-0-1)+ 212, @)
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Theorem

¢; = 7f1(;6) = (cger (8 = 26 + 1) + cea(— + = — )+

762 218 7 552 2 5 1
+@d-S-+ 2 - Dt daca- — )+ BA-T — 5 + )+
762 36 3 62
+coc3(— — 26 — 1) + coc?ca(—30% — = + ) + coc1c3(—

2 2 2 2

§ 1 362 52

300 4, 907 o~ _

+ cocy( i 4) + ¢ ( 7 20+2) + (2 +46 — 1)+

+20)+
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Theorem

, 2 5 1 362 35 3
ey =7 fa(c;0) = ’72(0802(Z 5 1) + Cgcf(T 5T ZH_
2
1

+cleiea(—26% +35 — 1) + cgcg(% -0+ 5) +coc3 (=262 +36 — 1)+

2 2 3 2 2 507 6 1
+ cocica(40° — 20 — 5) + cocrc5(—26% — 6+ 1) + COCQ(Z + 5 + 1)—|—

52 5% 1168
+ c‘f(% —0) +Bcp(—262 —36+3) + c%cg(% +t5 = Z)—F

+ecs(—20—2)+¢3) (7)
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Note that the mapping given by the formulas (5), (6), (7) depends not
only on «, but also on the parameter §. Therefore, let us denote the
mapping of the renomalization group R(«) in c-space as R(q;0) :

R(Oé; 6)(00701702) = (f()(c; 5)’ fl(c; 6)’ f2(C; 6))
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Next, consider the representation of our model in (r, g)-coordinates.
Let:
u(y*) = exp{—r(19¥1 + Yatby) + g1 Y121, }

In the projective representation, such a density is given by the triple

of coefficients

>—9).

c=1,-rr
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The transformation of the renormalization group in the plane of
coupling constants (r, g) will also be denoted by R(«a;0):

(Tlvg/) = R(a; 6)(T’ g)'

Lemma

The transformation of the renormalization group R(«;d) in the plane

(r,g) has the form:
7", _ 2a_2T1(T,g)

(8)

7‘2(7ﬂag)7
o 22(0[72) 7‘3(7’,9) ?
i =S (505) 9
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Lemma

5 1 5 5 52
3 3 2.3 2.2
= — —_ _— _ —_ _——-—— - ———2
ri(r,g) = —g°r 9(4+4)+3g7“ g r™( > 2) g*r( > §)—
2 5 1 176 17 362
2 5
— - —) — — - _1
g(4 2+2) 3gr gr(4+4) g(2—|—86 )—
5, 762 55 5 552 52 L, o s

—r?(=6%2—66+1)—r (—452 — 45+ 4) —r3(—65% 4+ 45+ 1)—
—r?(—46% 4+ 65 — 2) + (6 — 1)?
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Lemma

3 2,.2
g°  3g°r
7'2(7‘,9) = _Z_F 9

6% 1. 9grt
2 1 207 i T
+g°r(0+1)+g (4 +2) 1

+gr3(=35—3)+

1
—|—g1"2(—52—55—|—%)+gr(—252—5+1)—|—g(—52—|—5—Z)+7’6—|—r5(25—|—2)+

474 (6% +66 — 1) +r3(46% + 46 — 4) +r%(66% — 46 — 1)+

+7(46% — 66 +2) + (6 — 1)?
—5%g 3 2 2 4
5 — 20gr + 26r° + g7 — 2gr° + 17+

r3(r,g) = (—g + (r + 1)*)(

+r2(0% 426 — 2) + 7(26% — 26) + (6 — 1)?).
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Sorollary

Consequence. The domains {(r,g) : g > 0} (upper half-plane),
{(r,9) : g <0} (lower half-plane) and {(r,g) : g = 0} are invariant
domains of the mapping R(«; ). The action of R(«,d) on the line
{(r,g) : g =0} is linear:

R(a;0)(r,0) = (2% 2r,0).
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Let
Ay =(1,0,0), A;=(0,0,1).

The points Ay and A; are fixed points of R(a,d) for all @ and 4. In
coordinates (r, g), the point Ag is given as (0,0), so we call Ay the
Gaussian fixed point. The point A; does not belong to the regular
plane {(r, g)}, and it corresponds to the density u(¢*) = 1)19ha1hs
(Grassmann delta function).
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Theorem

The fized point Ag is repulsive for a > 3, saddle point - for
2 < a < 3, and attractive for a < 2.

The fized point Ay is attractive for a > 2, the saddle point is in
the interval 1 < a < 2, and repulsive for a < 1.




Slide 9 Fixed points

if & > 3, then the fixed point Aq is repulsive,
if 2 < a < 3, then Ag is a saddle point,
if @ < 2, then Ay is an attracting point,

the value o = 3 is a bifurcation value and therefore a new
(non-Gaussian) branch of fixed points must exist in a
neighborhood of the point Ay.
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if @« > 2, then A is an attracting point,
if 1 < a < 2, then the point Ay is a saddle fixed point,
if @ < 1, then the point A; is a repulsive point,

the value o = 1 is bifurcational, therefore, in the vicinity of the
point Ai, there must be a new branch of fixed points.
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We consider the realization of the projective ¢ space in the form of the
hemisphere

S = {(00,61,02):03+Cf+c§ =1,¢9 20}7

where the opposite points of the boundary circle ¢} + ¢3 = 1 are
identified. To obtain the flat (two-dimensional) picture, we use the
orthogonal projection S on the disk D = {(c1,¢2) : ¢ 4+ ¢ < 1}.
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The regular point (7, g) then corresponds to (¢1(r,g),ca(r, g)).

- d ca(r,g) = id |
N e N N

We note that the points (¢1(r, g), c2(r, g)) belong to the interior of the
disk D. The trivial fixed point r = 0, g = 0 is also represented by the
point (0,0) in the (c1, c2) coordinates. The fixed point § in (c1, ¢2)
coordinates is determined by the point (0,1). The line g = 0 in the
(c1, c2) space is described by the curve lyp = {(c1(r,0),c2(r,0)) ;r € R}.

01(7", g) -
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Letv=r+1,7=09—2, then

Theorem

3 7_2 31}2
ra(r,g;8) = s2(v, g;7) = — & + ¢ <4 +7v+ 2> -

g(T + 2u)?

> +v2(7+v)2> g

r3(r,g;6) = s3(v,9;7) = (=g + v?) (92 =

2)2 - 52(1}’9;7—) + 83(1)79; T)U'

1
r1(r,g;9) = s1(v,g;7) = 197(9 — @
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Note that the parameters 7,y depend on «, but we will not explicitly
designate this dependence.

Theorem

Let o # 2, the renormalization group transformation on a generalized
hierarchical model in the space of coupling constants (v,g) have 4
branches of fized points, where

BL—1 ;2

1%
+ 2

(227(1 _ 1)()\a74 _ 1)
\a—4 u 24—a _ 9 )

3(v(r+1)2 = 1) £ /(v(T+1)2 = 1)2 +8(7 + 1)2(y — 1)2
A7(T +2)

vi=7y—14+7(y—281). g} =

T=0(a,\) —2=2
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Theorem

Br—1 42

P2 - 59272 + 2927 — 11972 — 1077 + 87 — 3(y — 1) £ 3/A(1,7)
£ AT(=TyT — 67+ 7 + 6) ’

A(T,7) = v (9742073 41472 +47+1)+~3 (1874 +1673 - 107° —127—4) +

y2(97* — 2073 — 1472 + 127 + 6) + y(—167° + 272 — 47 —4) 4+ 872 + 1.

1—v 7
S e A A
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