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Abstract

We review the Hartle-Hawking construction for the full quantum gravity and
show how it can be realized in the PFQG theory. We then review the QFT effective
action and show how to relate it to the wavefunction of the Universe.
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1 Wavefunction of the Universe

e The WFU can be determined by the Hartle-Hawking construction, which is a path
integral for M with OM = X

Figure 1: Topology of the Hartle-Hawking manifold

e The main problem is the definition of the path integral

Wolg) = [ DQeS@,
where

Q=1(99), ¢=Clx=(h0o), S(Q)=S5anc(9)+Smlg,¢),

Sanc = /M VI (R(g) +AN)d'z.

e Discretization approach

M—TM), Q- (L), S(L,o)= GlNSRc(L) + Sm(L, ¢) ,

Sre(L) = > Aa(L)Sa(L) + AVy(L),

AET(M)

Va(l)= Y Vo(L),

oc€T (M)

N n
e=1 v=1

and find the limit when N — oo and L, — 0.



HH construction
(L) = const. ,  S(L,p) =iSp(L,¢p).

HH is problematic because e=%2(X%) is not a bounded function on the L space.

One can avoid this problem by using the minisuperspace approximation and complex
contours, but HH does not work in full QG.

PLQG approach: Let N and n be large and

4 N ‘L ’2 —-p
p(L) = e /B ] <1+ ¢ > :

2
e=1 lO
where Ly, o and p parameters.

When S = S¢, easy to show that the path integral is convergent for

1
P =35

The exponential damping factor is necessary in order to have the correct SC expan-
sion of the EA, see [1, 2].

When S = Sg + Ssur, the PLQG path integral is convergent for
p > 52,5
See [5].
The smooth-manifold approximation
Yo(q) &~ ®o[h(T), p(T)], Te€X,
when N — oo and I, = O(ly/N).

Time evolution
V(g t) = Zp(M(2)),

where
M(t) = My U (2 x [t;,t])

The time function is determined by the triangulation T'(X x I) such that T is a
temporal triangulation, i.e.

where
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Figure 2: PFQG spacetime manifold with a time variable interval.

while all the edge lengths in T;(X) are spacelike and all the edge lengths in T'(U)
are timelike. Then

€€y
where 7y is a PL curve with an inital point in 77(X) and a final point in Tj(X).
When n’ — oo then At =~ t —t; and
U(q,t) = ®lh(¥), p(Z),t], FeX.
We can write

U(q,t) = Ur(t, t;)To(q),

and we expect that the evolution operator will be unitary for a hamiltonian trian-
gulation of ¥ x [
(X)) =T%)=--=Ty%).

The Effective Action

QFT EA
M=YxI=R*xR,

the metric on M is flat and

Z[J] = /D@ e%(S[WHfM J(2)p(z) diz)
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where S = 5,,.

Legandre transform

where S
W[J] = —ihlog Z[J], ¢(z)= 5I()
It is easy to show that
T/ _ i _ [ oLl
e F‘—/'ngexp [h (S[(p—i—gb] M&O(x)gb(x)dllx .

The EA equation has a perturbative solution
Lle] = Sle] + A1 [g] + A Tafg] + -+,
which is valid in the perturbative regime

S| > A0y | > B2y > - -

From the relationship

(T, 1) = (Wo|U(ta, 1) (2) U(t, 11)| W) =
where |W) is the vacuum state, U is the evolution operator and t; — —o0, ty — +00,
we see that the QFT EA is defined with respect to the QFT vacuum.

In the QG case one can define the analog of the QFT Z[J], by using the PLQG
path integral for M = ¥ x I. However, then it is not clear what is the ¥ state,
because the QG Hamiltonian is not bounded from bellow.

The answer comes from the QM formulas

(@l0(tt)l) = [ Daexn (5 [ Lia.d)at)

where q(tx) = qx, k = 1,2 and
v [t )
Ziald ) = [ Daexp (5 [“1Lla.0) + It dt)
Consequently

(1002 = 55221, = (@l0 ) 10 ).

so that the PLQG path integral on ¥ x [ is just the Feynman formula for the
evolution operator
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Figure 3: Topology of the QM propagator manifold.

t=0 Txlt,

Figure 4: Topology of the QFT effective action manifold



e If we assume that the analog of the QFT vacuum is the HH state ¥y(g), then we

obtain
@O = [ dar [ d"6T5(@)@O)2%0(a).
which will be generated by the path integral for the manifold M = My LIU L M,

e Taking the closed manifold My U U U M, is not physically justifiable, because it
means that the history of our universe will end in a big crunch. Hence we take the
open manifold My LU in order to construct the EA that corresponds to the WFU

U(q,t).

EA and the manifold topology

o Let
M=M_uUU, M=M_UULDM,

where U = X x [t;, t7], while M indicates the manifold M, with the boundary ¥ at

the time t; and at the time ¢;, respectively.

e We can then write

Zi = /d”q_/d"q+ Zo(q-) Zu(q-,q+) Z5(q4)

Zald) = [ [ da. 2o a0) Zula . Toa) Zila, i T4)

where B . 3
J:<J,,j,,J,j+,J+), Q:(Q*7Q*7Q7Q+7Q+)7
Qa:(LOA7CI)Oé)7 Q:I::(l:l:agpzl:>7 n:nl+ng07
where n; is the number of edges and n, is the number of vertices of T;(X) and T7(X).

e The simbol Z; means that we take e=*¥/" instead of ¢*/" in the integrand, where S

is the classical action on T'(M, ).

e In the standard QFT we are not interested in the dynamics of ), so that we use

Zul]) = Z(0,0,7,0,0) = [ d*q- [ d"a; Zola-) Zula-, J.av) Zilas).

— /d“q_/dnq+ Vo(q-) Zulq-, J,a4) (g -

e Consequently

Tu(Q) = Wu(J) - JQ,
where

Q:E)Wu/ﬁj, Wu:—ih logZu.



e Note that one can also use

Tulg,Q,qs) = Wy, J,jy) —jq —JQ —jiqs,

where

Wy = —ihlog Zy, Q=0Wyu/0J, qz=0Wy/0js,
JQ=JpL+Js®,  jq=jil +jp-
e When
Wo(q) = 6(q — qo) = 0(l = lo)d (¢ — o) ,
where [ gives a flat metric on T'(X) and ¢y = 0 we have

fZ/{(L7 q)) = Fu((]g, L7 q)7 QO) .
e If Njy — oo such that L, = O(1/Ny) for all € € T(U) and for the trivial WFU then

Tu(L, ®) ~ Tulg, ¢ = Tuxlg, ¢,

where I'y i is the usual QFT EA for the momentum cutoff 7K, which is proportional
to h/Ly, where Ly the average edge length in T'(U).

The WFU correction

e When the WFU is nontrivial, instead of using the effective action T, (Q), it is easier
and more resonable to use the effective action for the manifold M = My U U, which

we denote as Ty (Q_, q—, Q, q4).

e We can write

FM(QﬂQ—,Q?CIJr) =Tu(q-, Q7q+> + ATy (Q-, q-, Qa%) )

and the correction AI'y; can be calculated perturbatively by using the perturbative
expansions

FU(Q—v Q? Q-I-) - Z hk FU,k(Q—v Q? Q+> ;

k>0
and

FM(Q—Jq—J Q)q—i-) - Z hk FM,k(Q—:Q—: Q7Q+>7

k>0
when |L.| > lp and |@,| < 1 for ¢,v € T'(M).

e We then have
Caro(@ur) = S(Q-,q-) + S(C]—>Q,Q+) =50+ Su,

Dara(Qur) = 5Tr(log(So + Su)") — ilog (L)

7 )
Tuo =5, Tui(Qu)= §Tr(log Syy) — tlog pu(Ly)

where Qu = (¢_, Q. ¢;) and Sy, Spy denote the corresponding Hessian matrices, see
[4].



The higher-order corrections I'y are functions of the higher-order derivatives of
S(L,®) and of the higher-order derivatives of log (L), and a I'y function is de-
termined by summing the evaluations of the connected 1PI graphs with k loops, see

[4].
Consequently we can write

Car(@Qur) = Ton(Qu) + AT ap(Qur)
for k=0,1,2,... .

Given an arbitrary manifold M, then on T (M) we can rewrite the perturbative
expansion as

(L, ®)  Sge(L)+ Sm(L, @) ,Do(L,®)  , Ts(L, ®)
= Ty(L,®) + 5= 42—
i l2p + 1( ) )+ P GN + P G%\[
S(L,®) =
=5+ ST, ).
P k>1
One can show that for N large
S=0(N(L)?, Ty=0(N), (D.4)

where N is the number of edges in T'(M) and L is the average edge length in T'(M).

From the expansion (D.3) and the result (D.4) we expect to have for k > 1
~ N
I[y,=0 <(E)2(k1)> .

SL{ == O(NUZZ{) 5 SO == O(N()Eg) 5
so that |Sy| > |So| for Ny > Ny and Ly ~ L.

_ N, ~ Ny + N
-0 () Tusmo (s,

Consequently

Similarly,

(Ly )21 Ly )21

so that for k > 1 we obtain
Tur| = Tkl

for Ny; > Ny and Ly, ~ Lj;, which is a consequence of Ly, =~ Ly.

This then implies
Lo (Qur) = Tu(Qu)

and

Tet(Qui)| > |AT s (Qu)] -
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5 Conclusions

e One can construct the Hartle-Hawking state Wy(q) by using the PFQG path integral
for a PL manifold T'(M,).

e The WFU time evolution ¥(q,t) is determined by the PFQG path integral for the
PL manifold T'(My U X x [t;, t]).

e The EA can be associated to the quantum state W(q,t) by using the generating
function for the manifold T'(M) = T (My U X X [t;, t]).

e The QFT effective action corresponds to the generating functional for U = X x[t;, t¢],
where t; — —o0 and t; — +o0.

e The WFU corrections to the QFT EA can be taken into account by using a non-
trivial HH wavefunction, and instead of using the EA for T'(My UU U M), it is
easier to use the EA for T'(M, U U).

e Note that the QFT EA coefficients I" s x[g, ] will not be the same as the usual per-
turbative QFT coefficients 'k x[g, ¢|, where A K is the momentum cutoff determined
by the average edge length in T°(U/). This is because the coefficents I' ;, are defined
on the manifold U where the boundary metrics are flat and the boundary fields are
vanishing.

e One can write
Carnlg, o] = Trrlg, @] + ATwklg, ¢]

and the corrections can be calculated by using the perturbative expansions of
Ly (L, @) and Ty (L, D).

e We expect that the corrections AI'y, will be small compared to I'kj;, when

Nu>>N0, EO%Z_—JL{.
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