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Lagrangian systems with gyroscopic forces

Let (@, G) be a Riemannian manifold, and let is given a Lagrangian
system (Q, L1), where D a nonintegrable distributon of the tangent
bundle TQ, and L; is Lagrangian

: 1 .. .
Li(q,4) = 5(6(4), 4) + (A, 4) = V(a),
where A is a one-form on Q.
A path q(t) is a motion of the natural mechanical system (Q, Ly) if
it satisfies the Lagrange-d'Alembert equations
oLy, d oL

Sy = (aiq _ Ea—q,éq) =0, forall dqe T,4Q.



This is equivalent to

oL doL
oL=(— — ——=,0q) =F(q,9 for all o T
(aq e q) =F(g,0q), forall dqe T4Q,
where L is the part of the Lagrangian L; without the term linear in
velocities

(q.4) = 5(6(4). ) ~ V(a)

Here the additional force F(g,dq) is defined as the exact two-form
F = dA.

One can consider a more general class of systems where an
additional force is given as a two-form which is closed, but not need
to be exact (magnetic force).



Hamiltonian description

Let (q1,-..,qn) be local coordinates on Q in which the metric G is
given by the quadratic form Zu gijdq; ® dg;,

aq,q 2Zgqulqj >

F= Z fidqgi A dq;.
i<j

We also introduce the Hamiltonian function

H(@. ) = 5(p. 6 (p) + V(a) = 5 3 GTpip; + V(@)

as the usual Legendre transformation of L. Here
(pi,---4Pnsq1,---,qn) are the canonical coordinates of the
cotangent bundle T*Q,

pi=0L/0d4 = g;dj,
J

and {g”} is the inverse of the metric matrix {g;;}.



In canonical coordinates the equations take the form

=Y &"p;, (1)

j=1

. OH & OH
pi = oq; +Zﬁj(q)873j~ (2)

Jj=1

qi = 8p,

Let z = (g, p). The reduced equations (1), (2) on the cotangent
bundle T*Q can be written in the Hamiltonian form

z =Xy, iXH(Q + F) = —dH, (3)
where Q is the canonical symplectic form on T*Q:

Q=dpi Ndq1 + -+ dp, A\ dq, (4)



The Kirillov-Konstant symplectic form on adjoint orbits.

Consider the (co)adjoint action of G and the G-orbit
O(a) = {x=Adg(a) =g -2-g ' |g € G}

through an element a € g. The adjoint orbit as a homogeneous
space G/G,, where G, is the isotropy group of a. Since G is a
compact connected Lie group, G, is also connected. We have

ann(a) ={{ €g, [{,a] =0} = T.G,.

By definition, the Kirillov-Konstant symplectic form Qxx on G/ G,
is a G-invariant form, given at the point w(e) € G/G, by

Quk (€1, 82)ln(e) = —(a,[€1, &), &1,& € ann(a)™ =[a,g], (5)

where &1, &> are considered as tangent vectors to the orbit at 7(e).



Magnetic flows on adjoint orbit [A. Bolsinov, B.J.]

Consider the system with the kinetic energy given by the normal
metric dsg on O(a) and the potential function V(x) = —(b, x),
i.e., with Hamiltonian

H(x.p) = 3 {[x.pl. [x.p]) — (b,
under the influence of the magnetic force field given by eQxk. Here,
T°0(a) C T7g = g x g(x, p)-
Proposition

The equations of the magnetic pendulum, in redundant variables
(x, p), are given by

X = [X7 [P, X]]? (6)
p= [P, [p,X]] + 6[X7 P] +b— Prann(x) b, (7)



Magnetic spherical pendulum.

As an example, consider the Lie group SO(3). The Lie algebra
s0(3) is isomorphic to the Euclidean space R3 with bracket
operation being the standard vector product. The adjoint orbits are
spheres (y,~) = const. The phase space:

T°5% = {(7,p) €R®|¢1 = (1,7) = 1, 62 = (7,p) = 0}.
The magnetic spherical pendulum:

HZ;mm—wm%

Y=p, p=eyxp+b+puy.
Adding the magnetic term ep*Qxx represents the influence of the
magnetic monopole with the force equal to ey x p.
The system is completely integrable due to the linear first integral
f=(byxp+tey).



Exact magnetic field in R”
Standard symplectic space: R2"{~, p},

Q=dp1 Ady1+ -+ dps Adv,

and the magnetic two-form F

F:sz,%;jd’y;/\d’yj, seR.

i<j
F is exact magnetic: F = dAT, where

S
F=dA" AT = 5 > k(v +T)dy, T=(T1,...,T,) €R™.

)

The magnetic Poisson brackets on R2"{~, p}

{Fv G}H =

S (2FOC _OFOG, | g~ OF 0
Ovi Op;  Op; O ! Opi Op;”

i



Motion of a material point in a homogeneous magnetic field
The Hamiltonian:

1
H=_—— .
2m(p,p>

The magnetic Hamiltonian flow

OH 1
=~ mP
i oH OH s
p==y torly) = e

For n = 3, we get the usual Lorentz force

where



We can assume that the magnetic form takes the form
F = s(k12dviAdy2+k3adv3AdYa+- - +hon/2]—1,2[n/21dV2[n/21 1A V2[n /2]

If nis even, the system decouples on k = n/2 magnetic systems

) 1 ) s
V2i—-1 = —P2i-1, P2i—1 = —R2i—12iP2i,
m m
) 1 ) s
Y2i = —P2i, P2i = ——KR2j-1,2iP2i—-1-
m m

They are Hamiltonian equations in R*(v2;_1,y2i, p2i_1, P2i) With
respect to the twisted symplectic forms

Qoi_10i+Foi—12i = dp2i—1/\gV2i—1+dp2iAdy2i+Skoi—12idV2i—1AdV2;

and the Hamiltonians Hpj_1 2 = ﬁ(p%,_l + p3,).

If n =2k +1is odd, along with the k systems listed above, there is
an additional system of one degree of freedom on R?(v,, p,) with
the standard symplectic form and the Hamiltonian H, = ﬁpg
which generates a uniform motion: 4, = %p,,, pn = 0.



LD

Figure: Three types of trajectories in the homogeneous magnetic field in
R3. The gray lines represent the magnetic field.

For even n, in the case when all |k2i_12;| # 0 are proportional:

; m; € N,

myilk12| ™ = = myalkn—1n
such that the common divisor of m; is 1, all the trajectories are
closed with the same period
m2mTm _ m,,/227rm

B \5%1,2\ B B ISHn—l,n‘.



Gauge Noether integrals
We can take a Lagrangian with a term linear in velocities
[n/2]

m,. . s . :
S 1A+ > kic12i(V2ic1 4T 2im1)ai— (2it T2i i) -

Li(7,4) = 5
i=1

The Lagrangian L has the following Noether symmetries

Foi1.Ta; 0 9
£ = (i1 + T 1)872, (v2i + r2l)8’y2i_17
modulo the gauge terms
d Koj_12j .
%S 2'21’2' (Vi1 + T2im1)® + (v2i + T27)%), i =1,....[n/2].

The corresponding gauge Noether first integrals of motion are:

8Ll Mai—1,M2i R2j—1,2j
(Go g 4 52

In the Hamlltonlan description, they take the form

((v2i1 + T2ic1)® + (y2i + T2i)?).

K2j—1,2i
2

Foi1.Tai
07 = (V2im1tT2i-1) p2i—(2i+T2i) p2i-1+s

((v2i—1+T2i-1)°



Restrictions to the unit sphere

We work in redundant coordinates and consider the phase space
T*S"1 as a submanifold of R2"(vy, p) given by the equations

¢1=(v,7) =1, ¢2 = (p,7) =0,

and endowed with the twisted symplectic form w + f,
w=Q|g+gn-1, f = F|7+gn-1. It is convenient to use the Dirac
magnetic Poisson brackets on

RY" = {(v,p) € R*"| 41 # 0}
defined by
_ K {F) ¢1}H{G7¢2}H - {F7 ¢2}H{Ga¢1}n
(e =1Re) {01, 6a}" |

The constraint functions ¢1 and ¢, are Casimir functions of the
Dirac brackets. The symplectic leaf ¢1 = 1, ¢ = 0 within
(R27(~, p), {-,-}4) coincides with (T*S"1, w +f).




Magnetic geodesic flow

The Hamiltonian: )

H=_— .
By taking H* = H — A1¢1 — A2¢, we obtain the magnetic
Hamiltonian flow

. OH 1

=%, T mP T A27,
p m
) OH* OH* s
p=- + s6(——) = 2\17 + Aop + —Kp — SAor.
oy op m

Here, from the condition that ¢1 and ¢» are first integrals of the
flow, the Lagrange multipliers can be calculated to get

(p, ) — = (P, P) \, = L)
2(7,7) ’ 2T m)

S
A=




From now on, we consider a basis [e1,...,e,] of R”, such that
F = s(k12dm1Adya+r3ady3AdYa+ - +HKofn/21-1,2[n/2]dV2[n/2]—1/NdV2[n /2]

koj—1,2i > 0. Thus, the system becomes

: 1 . s
"2i-1 = —P2i-1, P2i—1 = —HK2i—12iP2i + {Y2i—1,
m m
) 1 . s ) .
Yoi = —P2i, P2i = ——K2i—12iP2i—1 + H1Y2i, i=1,...,[n/2
m m

for n even, and, for n odd, there is an additional equation:

1

In = —Pn, Pn = [1Vn-

The multiplier is given by

[n/2]
S
W= P Zl ffz,-_l,zf(Pzi—l’Yzi - P2i’Y2i—1) —2H.
1=



Note that the gauge Noether symmetries (14) are tangent to the
sphere S"~ ! for I = 0, leading to the following statement.

Lemma
The functions

121( 2

0,0 2
o101 = ;g 5; = V2i-1P2i — V2iP2i-1 + st Va1 +75;)-

2

are first integrals of motion of the magnetic flows. The first
integrals of motion Poisson commute:

{2121, P2j-12}d = 0, i,j=1,...,[n/2]
on the Poisson manifold (R2"(vy, p),{-,}4).
We thus get the following theorem
Theorem

Assume k12 # 0. The magnetic flows are completely integrable on
S2? and S3, corresponding to n = 3 and n = 4 respectively.



Integral of the third degree in momenta

Lemma
(i) The function J given by

2 [n/2]
J= ) Z K%i—l,Zi(pgi—l +p3;) —
i=1

2

is the first integral of motion of the magnetic flows on T*S"1.

(ii) The following commuting relations on the Poisson manifold
(R27(v, p), {-, - }d) among the first integrals J, ®3;_1 ; take place:

{4, ®2i—12i}d =0, i=1,...,[n/2].
(iii) The functions H, J, ®;_12;, i =1,...,[n/2] are functionally

independent on T*S"~! for n > 5 for all odd n and all x and if n is
even and k does not satisfy k1o = k34 = -+ = Kp_1,p-



U(2)-symmetry

Lemma
If Koj—12i = Kaj—1,2j, i < j, then the following functions

W31 0i0j-1,2) =(12iP2j—1 — Y2j-1P2i) — (V2i—1P2j — 2P2i—1)
— skoj—12i(V2i-172j—1 + Y2i72))

V3 1000 127 =(V2i-1P2j—1 — Y2j—1P2i-1) + (V2iP2j — V2jP2i)
— skoj—12i(V2i-172j — V2iV2j-1)

are the first integrals of motion of the magnetic geodesic flow on
T* Snfll



Lemma
The polynomials

1 2
Poj—1.2i, Poj—12j; V3i_12i0j-12j» V2i_12i2j-12j
generate the following four-dimensional Lie algebra

{®2i—12i, P2j_12}a =0,
{®o;_12i, V3 bo = —V3
2i—1,2is ¥2i-1,2i;2j—1,2j5§d = 2i—1,2i;2j—1,2j>
1 TS
{¢2j—1,2ja w2i71,2i;2j71,2j}d = \U2i71,2i;2j—1,2j7
2 _wl
{¢2i—172ia \U2i—1,2i;2j—1,2j}d = \U2i—172i;2j—1,2ja
2 _ 1
{(D2j—1,2jv ll’2/—1,2;;2j-1,2j]’d = _w2i—1,2i;2j—1,2j7
1 2 _ . ) . :
{w2i—1,2i;2j—1,2ja ll’2/-1,2/;21'—1,21'}d = 2¢2J—1,2J — 20215

on the Poisson manifold (R2"(~y, p),{-,-}4). The Lie algebra is
isomorphic to the reductive Lie algebra so(3) ® R = u(2).



Theorem (Integrability for n < 6)

Assume k12 # 0. The magnetic geodesic flows are Liouville
integrable on T*S* and T*S®, corresponding to n =5 and n = 6
respectively, for any k. Moreover:

(i) If n =5 and k12 = K34, then the magnetic system is integrable
in the non-commutative sense: generic motions are quasi-periodic
over 3-dimensional invariant isotropic submanifolds.

(ii) If n =6 and K12 = K34 # Kse, then the magnetic system is
integrable in the non-commutative sense: generic motions are
quasi-periodic over 4-dimensional invariant isotropic submanifolds.

(iii) If n = 6 and k12 = K34 = Kse, then the magnetic system is
integrable in the non-commutative sense: generic motions are
quasi-periodic over 3-dimensional invariant isotropic submanifolds.

(iv) For n =75, k34 = 0 and for n = 6, k34 = ks = 0, the
magnetic systems are integrable in the non-commutative sense:
generic motions are quasi-periodic over 3-dimensional invariant
isotropic submanifolds.



Rolling of a ball over a sphere with a gyroscope

Let us consider rolling without slipping of a balanced, dynamically
nonsymmetric ball over a fixed sphere. Let Og, a, m,

I = diag(A, B, C), be the center, radius, mass of the system
ball+gyroscope and the inertia operator of a ball B, and let b is
radius of the sphere. We assume that a gyroscope is placed in a
ball B such that the mass center of the system (ball 4+ gyroscope)
coincides with the geometric center Og of the ball.

There are three possible configurations:

(i) rolling of B over the outer surface of S and S is outside B;
(i) rolling of B over the inner surface of S (b > a);

(iii) rolling of B over the outer surface of S and S is within B; in
this case b < a and the rolling ball B is a spherical shell.



Let e = ﬁ, where we take "+" for the case (i) and "—" in the

cases (i) and (iii) and let D = ma?.

N

Figure: Rolling of the ball B with center Og over the sphere S with center
O: three scenarios

Borisov Fedorov (1995), Borisov Mamaev (2013)



Vasilije Grigoryevich Demchenko (1898-1972) in 1923 defended
PhD thesis

Rolling of gyroscopic ball over the sphere, University of
Belgrade, 1923, 94 pages

Committee: Anton Bilimovi¢, Mihailo Petrovi¢ Milutin Milankovié.
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Let the modified inertia operator | = I + Dld,) (D = ma?) be
equal to the identity operator on so(n) multiplied by a constant 7.

Proposition
The equations of motion of the n-dimensional generalized
Demchenko case without twisting are:

Tw = [k, w] + Ao, A= —ewn,

where k € so(n) is a fixed skew-symmetric matrix and the Lagrange
multiplier \g € (R" A )+ is determined from the condition that

w € R™ A ~. The equations of motion reduce to the cotangent
bundle of the sphere (vy,~) = 1:

g2 ) 1 1 g2

Y=—=p,  p==kptuy, p=—=(p,k7)——(p,P)
T T T T

The magnetic flow with m = 7/¢2 and s = 1/ (s/m = 1/7).



Three-dimensional Demchenko case without twisting

The reduced equations of motion on T*S?, for

K = K12e1 A €p,

become

. g2 . 1

Y1 = —Pp1, p1 = —K12p2 + pn1,
T T

. g2 . 1

Y2 = — P2, p2 = ——K12p1 + [172,
T T

. g2 .

Y3 = ?p37 p3 = K73,

2

K12 3

w= j(Pl’Yz — p271) — 7(/35 + p3 + p3),

They are Hamiltonian with respect to the magnetic Poisson
structure and the Hamiltonian is

2

(3
h= (P + p3 + P3).



Theorem
The reduced equations of the Demchenko case without twisting are
Liouville integrable on T*S? with the first integrals h, ®, where

O(, p) = 71P2 — V2Pt + (’)’1 =+ ’72)

2¢2

Theorem

The reduced equations of the three-dimensional Demchenko case
without twisting can be explicitly integrated in elliptic functions and
their degenerations.

Saksida (2002)



Let us introduce polar coordinates r, ¢ by

Y1 = rcosp, 2 = rsiny.

In the new coordinates the first integrals can be rewritten as:

r2 ,;2

1—1r2

_ T /.2 2.2
h—?(r +r§0+

T . K12 2
b= —rp+ —2r2,
2 YT o2

),

We have
. 2620 — kqpr?
v= 2712

2 one derives

02 — Q3(U),
K2 4¢?
Qs(u) : = 122(u - 1)(v* - ——(2hT + K12®P)u
T K2,

Introducing u = r

12
= 122(u —1)(u—u1)(u— w2).

4t P2
+—5—)

K12



From Vieta's formulas, it follows that ujus > 0, or in other words,
the remaining two roots uq, up of Q3 are of the same sign.

(A) 0 < u1 < up < 1; Case (A) happens when the discriminant of
the polynomial Qx(u) = (u — u1)(u — w2) is greater then zero,
the minimum of @Q»(u) is between 0 and 1, and @»(1) > 0.
This yields conditions:

hT + K129 > 0,

Kia
2ht + K/12¢ < @,

2
2h7 + K1p® — 20 < 12
4e

(B) 0 < w1 <1< up. Case (B) happens when Q2(1) < 0, that is

12
2hT + K1o® — 2 > —13
4e



In both cases r belongs to an annulus:

Case (A) ur < r <y, Case (B) u1 <r<1.

When the discriminant of the polynomial @3 vanishes, the
corresponding elliptic functions degenerate. It happens if u; = u»,
or when one of the roots uy, up is equal to 1. Direct calculations
show that the discriminant of the polynomial Q3 vanishes when

2
f12

hT + k12® = 0, or  2hT + kp® — 2P = 12,
42



Four-dimensional Demchenko case without twisting
Let
K = K12€1 N\ €y + K34€3 N eq.

The reduced equations are:

. g2 . 1

Y1 = —P1, p1 = —K12p2 + pn1,
T T

. 2 , 1

Y2 = — P2, P2 = ——K12p1 + 2,
T T

. g2 . 1

Y3 = —Pp3, p3 = —K3apa + W3,
T T

. g2 _ 1

Y4 = — P4, pa = ——K3ap3 + s,
T T
1 2

€
" (/ﬂz(PwQ — poy1) + K3a(p3ya — P4’Y3)) — 7(P% + P% + Pg + P£)~

T

The Hamiltonian is

2
13
h= g(p%+p§+p§+p§)-



Theorem

The reduced equations of generalized Demchenko case for n = 4
are Liouville integrable on T*S3 with the three first integrals h,
®1o, and ®34 in involution, where

K12
®12(p,7) = Y1p2 — Y2p1 + 272(7% +93),

K34
®34(p,y) = Vv3ps — vap3 + 2?2(75 +73).

Theorem

The reduced equations of generalized Demchenko case without
twisting for n = 4 can be explicitly integrated in elliptic functions
and their degenerations.



Let us introduce new coordinates p1, p3, ¢1, 3 by

V1= pP1COSp1, Y2 =p1SinQ1, 3= pP3COSEY3, Y4 = P3Sin3.

In the new coordinates the first integrals become
h= 5o (43 + p36h + 33+ 3¢3)
®1p = 57;2/7%951 + %;P%,

31 = 0363 + 25505

We have

2 2 2 2
2e°®1p — K12p7 . 2e"®3y — K3ap3

Y1 = 27'[)% ) 3 27_p§



Introducing u = p?, it follows
i? = P3(u).
Here, P53 is a polynomial in u of the degree not greater than three:

P3(u) :== aou® + a1u® + apu + as,

where
2 2 442
_ K12 — K3g T
ap = 2 3 a = — >
T T
8c2h 2 2 4e2k10
a c e (252¢' K34) aP: & R
1=———— — ——%" 34 —K34)— —F — ————5
T T2 72 72 ’
852/7 (252¢34 - I€34)2 4521€12¢12 484(])%2
a = — + + .

T 72 72 72



Let us express the variable p? in terms of the Weierstrass
p-function in a generic case: k%, # K3, and the polynomial P3(u)
has all roots distinct. Introducing z such that

4 al
u= a—oz e
we have
7 =47° — gz — g,
where
a2 aa aoaiax a3y a3as
=5 4 BT 4 6 16
We get
:|:(t - to).

J VAC — gl —gs ) VAC — g g
Finally, using the Weierstrass p-function one obtains

z=p(AL+(t—1t)), z0=p(A).



Qualitative analysis

Let us consider the case k2, # x3,. Then P3(u) is a degree three
polynomial. The coordinates p1, ¢1 and ps, 3 are polar
coordinates on the projections of the sphere (v,7) =1 to the
coordinate planes Oeje; and Oeseq, respectively. Hence, p; and
p3, and consequently u can take values between 0 and 1.

Since 42
de
P - _ 12
3(0) = ———=— <0,
and 402
4e
Py(1)=——-3% <0
3(1) = <0

one concludes that on interval (0, 1) the polynomial P3(u) has (i)
no real roots; (ii) two distinct real roots; or (iii) one double real
root.



(i)

If the number of real roots is zero, then the polynomial P3(u) takes
negative values on the whole interval (0,1). Thus, the case (i) does
not correspond to a real motion.

(i)

In the case (ii) when the polynomial P3(u) has two distinct real
roots u; < wy on the interval (0, 1), the projection of a trajectory
to the Oejey and Oeseq planes belong, respectively, to the annuli

Vur < p1 < /U2 and \/1—U§<P3:\/1—P%<\/1—U%-

There are three types of the trajectories in this case. Let

~ 282¢12
u= .
K34

If i belongs to (u1, u2) then 1 changes the sign and trajectories
are presented on Figures 3 and 4. If 4 is equal to uy or u, then the
trajectories are presented on Figures 6 and 5 respectively.
Otherwise, the trajectories are presented on Figure 7.



Figure: The case 1y < i < u»

Figure: The case uy < 0 < up



Figure: The case i = up

Figure: The case i = 1y



Figure: The case when & do not belongs to the interval [uy, uy]



The case of a double root u; = uy corresponds to the stationary
motion

p1 = const, p1 = a1t + @10,

P3 =1/ 1- P% = const, 3 = a3t + w20,

where

26215 — KU1 26234 — k3q(1 — uy)
oy =" _

= const, a3 = 271 — ) = const.

2T

From the equations of motion it follows that the constants a; and
a3 should satisfy:

2 2
K101 — k3aas + 7(a] —a3) = 0.

Since the roots u; and uyp of the polynomial P3(u) coincide, the
discriminant of the polynomial P3(u) is equal to zero.
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