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@ PE=[Y q:|x | ~5]> + 1"+ pI"X, 117 +12 +|o° X, ¢7 %]



' Bear Essentials
@ Chiral* X.=[x;y,; F], — coordinate fields for X

& & P=|p; m.; F,] — fibre coordinate, line bundle Z'y
® Superpotential: W=P“f (X) — (quasi- )homogeneous g( p“) =—q(f,)
=X ={q A4 QZ-—M‘*] —for each U(l ) —C"F
N - s N —_ 0)} ~ :

w»w(l) s
. 9} |*) B+ ED e SN
® “F-terms”: Z 4 W’(x) + 64D 4+46F+..

4 2 2 2 of 2 ) 20+ 12
@ PE:[zlqllxll _tR]z +|f(x)| +|p| zllgl +t]2 +|0| Zlql |'xl|

— =0 =v0 :vO




S\(\/\ Systems of algebraic equations

Bea rE&senhals .

. Chlralz X.=[x;y,; F], — coordinate fields for X

® & P=|p; n.; Fy,] — fibre coordinate, line bundle £y

® Superpotential: W=P“f_ (X ) — (quasi- )homogeneous q(p“) =—q(f,)
| sy
uTw151zed”’hu Z Eo; /I_,, D -—w‘f] " for each U(l (C)

LAlso sepggate 1@9‘_" . ht;rl‘Rs ) ESI)XU(I)
Eeryoy term§” ’“E{ “' @,@ ql]x \ +(@2+?2)+

@ Fterms™ ). F, W’(X) + DA 4F .

2 2 )
@ PE:[ziqi|xi| _IR]z +|f(x)| +|P| 2. |_| +142 +|o| Zi%zlxil

lax

-~

:vo =0 —O =0



LSM

- — Toric Geometry

> In pictures, e.g.:

«— W:f(X) LC:O tI.O Nﬂ:Dn[Qf] —




2
=0

LSM

- — Toric Geometry ST
«— W:f(X) LGO 1 0 Pn[qf] —>
U In pictures, e.g.: ! I

o Also: ¢ (f—l(()) - |]3>”> =(n+1)—g;: Ricci-flat for gr=n+1

y
L@F=0 & |p X |5




2
=0

1| ox;

LSM

— Toric Geometry N
— W=f(x) LGO |, P"[gq,] —
U In pictures, e.g.: ! IR

O Also: Cl(f_l(O)Cl]:Dn>:(n+l)—qf Ricci-flat for q]c=n+1

o,
£®P=0 & [p,I*Y.

| < More involved: F7)[c,] where F}} is the m-twisted P"~!.bundle over P!
¢~ Hirzebruch: {py(&, n):=&mg"+&n{"=0} CP"XP': HXF4: 2)=J, &7 J,
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=0

LSM

— Toric Geometry N
— W=f(x) LGO |, P"[gq,] —
U In pictures, e.g.: ! IR

O Also: Cl(f_l(O)Cl]:Dn>:(n+l)—qf Ricci-flat for q]c=n+1

9,
L@I=0 & |p I X5

| < More involved: F7)[c,] where F}} is the m-twisted P"~!.bundle over P!
¢~ Hirzebruch: {py(&, n):=&mg"+&n{"=0} CP"XP': HXF4: 2)=J, &7 J,

N pl& = & my m oric P X X ot X, Yo N1
».«S(), q; —(n+H (1 -1 0 0O —™ —-n| 1 1 1 0 O & (7’1, 7‘2)
210 - 0 1 1. m-2-m 0 - 0 1 1]




2
=0

LSM f0P=0 & Ip, T|5

° 1| ox;
- = Toric Geometry

| — W=f(x) LC:O tl.o Nlpn[q]”] —
_In pictures, e.g.: 'K

| “More involved: F{’[c;] where F}) is the m-twisted P*~1_bundle over P!

P8 © ~ Hirzebruch: {py(&, n):=&yng"+&m"=0} CP"x Pl: H*(F»,Z2)=J, &, J,
' S el o Gomoom] [ P[E]XR % Yoon
“So, q: |=m+D [T ~ 1 0 ol — | =n] 1|1 1 0 0| & (r;,1)
210 -~ 0 1 1 _m—2w0 0O 1 1._
V: ° °
The deg-(_rln) (equivalence class of) section(s):

X = mod —
! [(’71m My" ) (17om1)™ —2&/nd", ny #O.

(—just like the Wu-Yang magnetic monopole!)
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LSM

— Toric Geometry

U In pictures, e.g.:
 ©Also: ¢ (f‘l(O) C IP’”) =(n+1)—g,: Ricci-flat for gr=n+1

| < More involved: F7)[c,] where F}} is the m-twisted P"~!_bundle over P!
H1rzebruch o, n):

If(X)I =0 & |p,I° Z

— W=f(x) LGO U

10 g Py

R

=En+En"=0} CP"xPl: H*(F";,2)=J, ®,J,

Wl 1 & 11 = “geometry”
98l 111 = 1.GO

plé& = & nmo m
1 0 O
210 0 1 14

toric

—

Pl X1 X = X M
—-n| 1 1 1
m=2|-m 0O 0

i
0 0| & (r,rp)
I 1]

}C IV = hybrid
.' f1bre—>LGO



LSM -
— Toric Geometry 1 \

| < determines the (x;) pattern:

|zo| |21 2| -+ |@p| ||| |Tnqe]

0 0 0 0 0 * *

I 0 * * * * *
1) 0 0 * * 0 0
IT 0 see (2.9) * * * *
111 0 VT1 0 0 0 0

mri+r (m—2)r1+nr
111 \/(n—ll)m—2|-2 (n—1)71n—|—2 = 0 0 0 0
w| /—ri/n 0 0 0 0 0
IV| /—ri/n 0 0 0 * *

10



LSM I » I B I
— Toric Geometry \ ¢

_The “phase diagram” = “secondary fan”

) ©is the toric rep. of the (enlarged/complete) “Kahler structure”

11



L SM I I I I
. » II . II i II y
— Toric Geometry
m =10 m =1 m =2 m=3

_The “phase diagram” = “secondary fan”

) ©is the toric rep. of the (enlarged/complete) “Kahler structure”

/| (4:\. « mirror

< “Tropical geometry” < “large cpx str.” < > “large Kahler class”

¢the (semiclassical) space/diagram of GLSM “phases”

11
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LSM

— Toric Geometry

UThe “phase diagram” = “secondary fan”

w1s the toric rep. of the (enlarged/complete) “Kahler structure”

~ mirror

sl < “Tropical geometry” <> “large cpx str.” < > “large Kahler class”

@the (semiclassical) space/diagram of GLSM “phases”

o wbecomes modified by “worldsheet instantons” (cumulative effects)
| ¢...with shifts and “thickening” of the diagram — “amoebas”
@ (— “A discriminants,” “Horn uniformization,” ... §4)

11
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mirror

0

Zaul < “Tropical geometry” <> “large cpx str.” < > “large Kahler class”

i ¢the (semiclassical) space/diagram of GLSM “phases”
Gy

Il © becomes modified by “worldsheet instantons” (cumulative effects)
I ©...with shifts and “thickening” of the diagram — “amoebas”
@ (— “A discriminants,” “Horn uniformization,” ... §4)

mirror

< “log-geometry” < “smallish cpx str.” < > “small Kahler class”

(

@quantum corrections — “quantum cohomology”

11



seetext
after (12.4) >N

mirror

/\ Y“Tropical geometry” < “large cpx str.” < > “large Kahler class”
N

; W othe (semiclassical) space/diagram of GLSM “phases”

ikl © becomes modified by “worldsheet instantons” (cumulative effects)
BAl < ...with shifts and “thickening” of the diagram — “amoebas”

@ (— “A discriminants,” “Horn uniformization,” ... §4)

mirror

§ < “log-geometry” <> “smallish cpx str.” < > “small Kahler class”

(

@quantum corrections — “quantum cohomology”

U Mirrors the “complex structure” w/“discriminant locus”
Uwhere the ground-state (“target”) space singularizes

11



n. P | Xg Xt X,
LSM ]3> ' [—(n+1)|1 Lo 1

e P X X = X Yo N
= Tor : me | on bl 1000
Toric Geometry 2 lm 0 0 1 1)

CFrom the U(1; C)"-charges, g, def. v;€(NxZ"): Z gi Vi=0

lC U, € T (spanning) fan, up to GL(n; Z) lattice automorphisms

P | vy vy 1o V3 1y F% v, Uy Vs Uy | Vs Vg
1 1.0 0 0 1 1.0 0]0 -m
=101 0 0 L0 00 —m| w XA
4
110 0 1 0 B0 0 0 1]0 —m
1.0 0 0 1 00 0 0|1 1

12




. xn

| SM P |

1_

lowhere A is the polar of the polytope A* spec. by U; € Z(l)
©Standard for “reflexive” A*: A:=(4%)° & (A)°=A* (Fano: Ricci >0)

12

o P XL X = X Yo Vi
Ly T ' Wl -nl1 1 -1 0 0
Toric Geometry 2 lm 0 0 1 1
CFrom the U(1; C)"-charges, g, def. v;€(NxZ"): Z gi Vi=0
¢ y; € X (spanning) fan, up to GL(n; Z) lattice automorphisms
P | vy vy 1o V3 1y F% v, Uy Vs Uy | Vs Vg
-1 1 0 0 O —1 1 0 0|0 —m
=101 0 0 L0 00 —m| w XA
110 0 1 0 B0 0 0 1]0 —m
—1 0 0 0 1 O 0 0 01 1
Y. 'I“\i "J . —
i Cox variables: U; = x;, then f(x) = Ze (ak H yl Mk“)




- X

| SM P |

F() P [X X - X Y
: : 1;11: -nl|1 1 - 1 0
Toric Geometry 2 Lm 0 - 0 1

 From the U(1l;C)"-charges, g/, def. v;e(N~Z"): Z giv;=0

= U; € X (spanning) fan, up to GL(n; Z) lattice automorphisms

P | vy vy 1o V3 1y F% v, Uy Vs Uy | Vs Vg
—1 1 0 0 O —1 1 0 0|0 —m
=101 0 0 L0 00 —m| w XA
110 0 1 0 B0 0 0 1]0 —m
-1 0 0 0 1 0O 0 0 01 1
B Cox variables: U; = x;, then f(x) = Za L a [1; xR
lowhere A is the polar of the polytope A* spec. by U; € Z(l)
. ©Standard for “reflexive” A*: A:=(4%)° & (A)°=A* (Fano: Ricci >0)

¢The standard polar operatlon fal [s for non-convex polytopes (non Fano Varletles)

‘-wFor non-convex, transpolar: —(A*)v & (A)v A* (in fact oft- practlced)
©...introduces flip-folded “multifans” that star-subdivide “multitopes” & & &

12
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. xn

n. P | X X -
LSM ]_:D ) [—(n+1)|1 1 .- 1:

. | R S 0
- Wl -nl1 1 1 0 0
Toric Geometry 2 Lm0 0 1 1)

. From the U(1;C)"-charges, g/, def. v;€(N~Z"): Z giv;=0

& U; € X (spanning) fan, up to GL(n; Z) lattice automorphisms

Ot\lﬂ.‘q\}e
P* | vy vy o 13 wy FY 1 vy e 13 vy |V  Ug 0 @ &)
-1 1 0 0 O -1 1 0 0|0 —m
=101 0 0 L0 00 —m| w XA
4 (4)
"1-10 0 1 0 =10 0 0 1|0 —-m ape
-1 0 0 0 1 0 0 0 Oof1 1 m\anos
(riang"
Dl ,l/tk+1
" Cox variables: Ui — X, then f(x) = Z A (ak H zﬂd
] * ot
lowhere A is the polar of the polytope A* spec. by v; € Z(l) i‘ ices

@Standard for “reflexive” A*: A:=(4%)° & (A)°=A* (Fano: Ricci >0)
¢The standard polar operatlon fal [s for non-convex polytopes (non Fano Varletles)

@For non-convex, transpolar y —(A*)v & (A)v A* (in fact oft practlced)
©...introduces flip-folded “multifans” that star-subdivide “multitopes” & & &

12




P X X = X Yo Vi
LSM Fo: | —p Ll I 1 0 0
m-2 +-m 0 -~ 0 1 1]

@ _xn . :y

— Toric Geometry “Plan 13" A
TH & S.-T.Yaw, MPLA7

> Given the g, define: f(x)=a,([lx=TLx;) + X, a; [Txcx

©The “fundamental monomial,” IIx : Calabi-Yau (Ricci-flat) hypersurface
¢Key to parametrizing the geometry/dynamics of complex structure moduli

©The transpose-mirror, '(Ilx), is Tyurin-degenerate =#ZU%: ¢;(ZNE)=0
arXiv:hep-th/9201014, arXiv.:1611.10300, arXiv:2205.12827

(1992)3277-328
\

13


https://arxiv.org/abs/hep-th/9201014
https://arxiv.org/abs/1611.10300
https://arxiv.org/abs/2205.12827

P X X - X Yo Vi
LSM Fo: | —n Ll I« 1 0 0
m-2+-m 0 -+ O 1 1]
. 1! =77 Nt Sl
— Toric Geometry “Plan I3 A7(1992)3277-3289
TH & S.-T.Yau, MP

L Given the ¢, define: f(x)=ay ([lx=ITx,) + 2, a; I1;xf

©The “fundamental monomial,” Ilx : Calabi-Yau (Ricci-flat) hypersurface
¢Key to parametrizing the geometry/dynamics of complex structure moduli

©The transpose-mirror, ' (ITx), is Tyurin-degenerate =Z UG c((ZANE)=0
arXiv:hep-th/9201014, arXiv.:1611.10300, arXiv:2205.12827

/,/,.1\16 choose a; and e; so {f(x)=0} N {df(x)=0} = @ « transverse

o
QWih < 1. x € smoothing (aq,-param.) deformat1ons

B . senerated by di(x)d, (3:=-2, 0.%(Ix) = O “distance-1”)

owhere d(x) =11 xjdii — justas o | l//n) =2, Culy,) in QM

m=#n

13



https://arxiv.org/abs/hep-th/9201014
https://arxiv.org/abs/1611.10300
https://arxiv.org/abs/2205.12827

P X X - X, Yo Vi
LSM F@: | -y Ll I = 1 0 0
m-2 +~m O - 0 1 1.

o iL - 11 Xntj+1 =Y
= Toric Geometry “Plan I3 T
TH & S.-T.Yau, MP

L Given the ¢, define: f(x)=ay ([lx=ITx,) + 2, a; I1;xf

©The “fundamental monomial,” Ilx : Calabi-Yau (Ricci-flat) hypersurface
¢Key to parametrizing the geometry/dynamics of complex structure moduli

©The transpose-mirror, ' (ITx), is Tyurin-degenerate =Z UG c((ZANE)=0
arXiv:hep-th/9201014, arXiv.:1611.10300, arXiv:2205.12827

\

n
,(,‘1\0 a, and €. SO { f (X)=O} N {df(X)ZO} = () « transverse

| O] X%k smoothing (q,-param.) deformations..
e o .. generated by di(x) 0, (al.:g, iz(Hx)zO : “distance-17)
! Ccwhere b'(x) =11 xjdif' —justas S|y, =D , c,|y,) inQM

{C The monomial “hyperplanes,” d'(x) (0;Ilx), intersect iteratively

m=#n

< ...forming the “Newton multitope” of anticanonical monomials, A.

13



https://arxiv.org/abs/hep-th/9201014
https://arxiv.org/abs/1611.10300
https://arxiv.org/abs/2205.12827

P X X - X, Yo Vi
LSM Fo: | Ll I - 1 0 0
m-2 +~m O - 0 1 1.

° L =17 Xontjr1 =Y
= Toric Geometry “Plan I3 T
TH & S.-T.Yau, MP

L Given the ¢, define: f(x)=ay ([lx=ITx,) + 2, a; I1;xf

©The “fundamental monomial,” Ilx : Calabi-Yau (Ricci-flat) hypersurface
¢Key to parametrizing the geometry/dynamics of complex structure moduli

©The transpose-mirror, ' (ITx), is Tyurin-degenerate =Z UG c((ZANE)=0
arXiv:hep-th/9201014, arXiv.:1611.10300, arXiv:2205.12827

\

n
,(,‘1\0 a, and €. SO { f (X)=O} N {df(X)ZO} = () « transverse

| O] X%k smoothing (q,-param.) deformations..
e o .. generated by di(x) 0, (al.:g, iz(Hx)zO : “distance-17)
! Ccwhere b'(x) =11 xjdif' —justas S|y, =D , c,|y,) inQM

{C The monomial “hyperplanes,” d'(x) (0;Ilx), intersect iteratively

m=#n

¢ ...forming the “Newton multitope” of anticanonical monomials, A.
OThe deformations, '(x) (0;I1x), span the (multi)fan, ¥ < A*=(4)"

©The transpose-mirror, ' (ITx +...)= yi-¢(y) +..., automatically defines
an LGO-like structure with “geometric” and “quantum” symmetries swapped

13
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https://arxiv.org/abs/1611.10300
https://arxiv.org/abs/2205.12827

P X X - X, Yo Vi
LSM Fo: | Ll I - 1 0 0
m-2 +~m O - 0 1 1.

= Toric Geometry “Plan 13" ——
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P X Xp = X, Yo Wi
LSM Fo: |l —p Ll I 1 0 0
. m-2 +tm 0 -~ 0 1 1]

=N kit T

= Toric Geometry “Plan I3

l

| ©Deformation generators: (bi(X) =11 xjdij) 0,

ke” x1-indep. xo-indep. x5-indep. xg-indep.
ke —k —k_1+k —k,_ 1+4+k
gen.: (moxfazg ¥ ™)) (xixfag )0y (2faxy s tP™Os  (2fary Tas ™) 0

stripe:  a3xi Ryl TR p2p iRl RAm kgl ohpathm gtk gl TR g2k

14



P X X = X Yo Vi
LSM F@: | —n Ll I« 1 0 0
. m-2 +rm 0 --- 0 1 1]
- 13 Kntjr1-=Yj

= Toric Geometry “Plan I3

l

| ©Deformation generators: (b () =11 xjdij) 0

ke” x1-indep. xo-indep. x5-indep. xg-indep.

. k.. —k— k k k..—k, 1+k k..—k_1+k
gen.: (raxs'xg " M)01 (zizEmg T ")02  (xfag twg )05 (xfag tws) 06
. . 1+k 1—k—m 1+k _1—k+m 1+k _1—k _2+km 1+k _1—k 2+km

stripe: :1:2:1:5 Tg :clx5 Tg Ty Ty Xg Ty Ty TTx

Wi < Poset structure:

22 w6 w22 COI'IleI'S -
\.\ ‘X
1—|—k 1 k—m 1—|—k 1 k 2—|—k 1—|—k; 1 K 2—|—k; o1tk 1—k+
x2x5 " " StI‘lpeS " xl 5 g "

... O edges % .2°
....... 82
Iz =

worganizes the deformations

14




P X X - X Yo Vi
LSM F%): —n Ll 1 -« 1 0 0
| m-2Lm 0 - 0 1 1]

— Toric Geometry “Plan 13" Kol =

1 Iy

A(Fl(z)) e lzstog A(F?EQ))

33123353 x12x53x62

33123352336 x1x2m52 331233523363 x1x2m52
53129853362 T1T2T5TEH 51522905 5131251353364 T1T2T5TG
:1;12:1:63 a:lazga:@Q a;22:1:6 :1:12:1:65 3313329062

15



P X X - X, Yo Vi
LSM Fo: | Ll I - 1 0 0
- m-2 +~m O - 0 1 1.

- — Toric Geometry “Plan 13" —

1 Ts5

A(FP) A(F)

:13123353 :C12:C53:C62
33123352336 x1x2m52 331233523363 x1x2m52
38123553362 3311132&75536' :13»2:85 x1251353364 T1ToT52g
:1312:1:63 r1xo 51762 x22x6 ac12x65 r1xo 9062

15



P X X - X, Yo Vi
LSM Fo: | Ll I - 1 0 0
- m-2 +~m O - 0 1 1.

- — Toric Geometry “Plan 13" —

1 Ts5

A(FP) A(F)

:13123353 :C12:C53:C62
33123352336 x1x2m52 331233523363 x1x2m52
38123553362 3311132&75536' :13»2:85 x1251353364 331332:1:5:26' LP
:1312:1:63 r1xo 51762 x22x6 ac12x65 r1xo 9062

15



P X X - X, Yo Vi
LSM Fo: | Ll I - 1 0 0
- m-2 +~m O - 0 1 1.

- — Toric Geometry “Plan 13" —

1 Ts5

A(FP) A(F)

33123353 x12x53x62

33123352336 x1x2m52 331233523363 x1x2m52
38129853362 T1T2T5TEH 9022$5 5131251353364 T1T2T5TG
ac12ac63 w1m2x62 ac22:c6 :1:12:1:65 3313329062
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P X X - X, Yo Vi
LSM Fo: | Ll I - 1 0 0
- m-2 +~m O - 0 1 1.

- — Toric Geometry “Plan 13" —

1 Ts5

A(FP) A(F)

33123353 x12x53x62

33123352336 x1x2m52 331233523363 x1x2m52
38129853362 T1T2T5TEH 9022$5 5131251353364 T1T2T5TEH
ac12ac63 w1m2x62 ac22:c6 ac12ac65 90133251362
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P X X - X, Yo Vi
LSM Fo: | —n Ll I 1 0 0
- m-2 +~m O - 0 1 1.

- — Toric Geometry “Plan 13" R

1 Ts5

A(FP) A(F)

223 WU g

r12r5°28 T1ToT5 r12r52 260 x1ToT5
2 2 2 2 4

r1“T5T@ 3315172555336' ro Ty r1"Tr5Tg m1m2x5x6|

w12ac63 acla:Q:JcGQ x12ac65 $1332$62 O

15



P X X - X, Yo Vi
LSM Fo: | Ll I - 1 0 0
’ - m-2 +~m O - 0 1 1.

= Toric Geometry “Plan 13" Y1 7=

L Construct  f(x)=ay[lx + )’ g Hxfe for m= | & m=3:

(2) (2)
A(F®) A(FP)
1 3
53123752536 $1x2x52 1131251252:1:63 2131:13221352

2 2 2 4
T1"T5T6 [X1T2T5T6 | T1°T5T6 [T1225T6 |

16



/ :
= Toric Geometry “Plan 13"

|

2
A(F?) NEREEN
1
$12$52£U6 $1332£E52 $12£B5221363

P X X = X, Yo Vi

LSM Fo: | Ll I - 1 0 0
. m-2 +~m 0 - 0 1 1.

Yntjrl-=j

L Construct  f(x)=ay[lx + )’ g Hxfe for m= | & m=3:

2131:13221352

x12£1353362|a:1x2:c5:c6| x12x53764|331332x5336|

16



[ P X X X Yo Vi

LSM Fo: | Ll I - 1 0 0
» m-2 +tm 0 --- 0 1 1]
. Xkl S

= Toric Geometry “Plan 13" '

L Construct  f(x)=ay[lx + )’ g Hxfe for m= | & m=3:

W >
*‘\3\, ~§J<\

(2) (2)
A(F®) A(FP)
1 3
53123752536 $1x2x52 1131251252:1:63 2131:13221352

2 2 2 4
T1"T5T6 [X1T2T5T6 | T1°T5T6 [T1225T6 |

16



LSM

— Toric Geometry “Plan 13"

3 &
(S >
5 pN
0 "N
A(F)
:c12:c52:c6 :clccgaz52 06

1o

16

P X X = X Yo N1

F®: —nLl 1 1 0 0
m-2+-m 0 - O 1 1]
Yntjrl-=j

Construct f(x)=a,Ilx + ), g Hxfe for m= | & m=3:

A(F5?)

5171237533762

213121125221363 1 :I:2:B52

$12$5$64|x1:v2w5x6|




LSM

3 &
(S >
5 pN
0 "N
A(F)
:c12:c52:c6 :clccgaz52 06

1o

16

[ P X X X Yo Vi

F®: —nLl 1 1 0 0
m-2 +tm 0 --- 0 1 1]
Xntj+1-=D;

X
A(F5?)

$12$53$62

zi’zs’es’ wiwows? g
@Sxm

oo,

N
>
o



[ DX X X, Yo Vi
LSM Fo: | Ll I - 1 0 0
m-2 +~m O - 0 1 1.

Xntj+1-=D;

X
A(F5?)

$12$53$62
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