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Zero point energy

QFT vacuum to vacuum transition: 〈0|H|0〉
Spectrum, normal ordering (harm oscill):

H =

(
n+

1

2

)
λn an a

†
n

〈0|H|0〉 =
~ c

2

∑

n

λn =
1

2
tr H

gives ∞ physical meaning?

Regularization + Renormalization ( cut-off, dim, ζ )

Even then: Has the final value real sense ?
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Name or Title or Xtra

Institute of 
Space Sciences

GC2018, Kyoto, 2 Mar 2018

Effects of the Quantum Vacuum

a) Negligible: Sonoluminiscence, Schwinger ̴10-5

b) Important:  Wetting He3 – alcali ̴30%

c) Incredibly big: Cosmological constant ̴10120
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F Yndurain, A Slavnov
"As everybody knows ..."



Operator Zeta F’s in MΦ : Origins
The Riemann zeta function ζ(s) is a function of a complex variable, s. To define it, one
starts with the infinite series ∞∑

n=1

1

ns

which converges for all complex values of s with real Re s > 1, and then defines ζ(s) as
the analytic continuation, to the whole complex s−plane, of the function given, Re s > 1,
by the sum of the preceding series.

Leonhard Euler already considered the above series in 1740, but for positive integer
values of s, and later Chebyshev extended the definition to Re s > 1.

Godfrey H Hardy and John E Littlewood, “Contributions to the Theory of the Riemann
Zeta-Function and the Theory of the Distribution of Primes", Acta Math 41, 119 (1916)

Did much of the earlier work, by establishing the convergence and equivalence of series
regularized with the heat kernel and zeta function regularization methods

G H Hardy, Divergent Series (Clarendon Press, Oxford, 1949)

Srinivasa I Ramanujan had found for himself the functional equation of the zeta function

Torsten Carleman, “Propriétés asymptotiques des fonctions fondamentales des
membranes vibrantes" (French), 8. Skand Mat-Kongr, 34-44 (1935)

Zeta function encoding the eigenvalues of the Laplacian of a compact Riemannian
manifold for the case of a compact region of the plane
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Robert T Seeley, “Complex powers of an elliptic operator. 1967
Singular Integrals" (Proc. Sympos. Pure Math., Chicago, Ill., 1966)
pp. 288-307, Amer. Math. Soc., Providence, R.I.

Extended this to elliptic pseudo-differential operators A on compact
Riemannian manifolds. So for such operators one can define the
determinant using zeta function regularization

D B Ray, Isadore M Singer, “R-torsion and the Laplacian on
Riemannian manifolds", Advances in Math 7, 145 (1971)

Used this to define the determinant of a positive self-adjoint operator
A (the Laplacian of a Riemannian manifold in their application) with
eigenvalues a1, a2, ...., and in this case the zeta function is formally
the trace

ζA(s) = Tr (A)−s

the method defines the possibly divergent infinite product
∞∏

n=1

an = exp[−ζA′(0)]
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J. Stuart Dowker, Raymond Critchley

“Effective Lagrangian and energy-momentum tensor

in de Sitter space", Phys. Rev. D13, 3224 (1976)

Abstract

The effective Lagrangian and vacuum energy-momentum

tensor < Tµν > due to a scalar field in a de Sitter space

background are calculated using the dimensional-regularization

method. For generality the scalar field equation is chosen in the

form (�2 + ξR+m2)ϕ = 0. If ξ = 1/6 and m = 0, the

renormalized < Tµν > equals gµν(960π2a4)−1, where a is the

radius of de Sitter space. More formally, a general zeta-function

method is developed. It yields the renormalized effective

Lagrangian as the derivative of the zeta function on the curved

space. This method is shown to be virtually identical to a

method of dimensional regularization applicable to any

Riemann space.
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Stephen W Hawking, “Zeta function regularization of path integrals
in curved spacetime", Commun Math Phys 55, 133 (1977)

This paper describes a technique for regularizing quadratic path
integrals on a curved background spacetime. One forms a
generalized zeta function from the eigenvalues of the differential
operator that appears in the action integral. The zeta function is a
meromorphic function and its gradient at the origin is defined to be the
determinant of the operator. This technique agrees with dimensional
regularization where one generalises to n dimensions by adding extra
flat dims. The generalized zeta function can be expressed as a Mellin
transform of the kernel of the heat equation which describes diffusion
over the four dimensional spacetime manifold in a fifth dimension of
parameter time. Using the asymptotic expansion for the heat kernel,
one can deduce the behaviour of the path integral under scale
transformations of the background metric. This suggests that there
may be a natural cut off in the integral over all black hole background
metrics. By functionally differentiating the path integral one obtains an
energy momentum tensor which is finite even on the horizon of a
black hole. This EM tensor has an anomalous trace.
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Basic strategies
Jacobi’s identity for the θ−function

θ3(z, τ) := 1 + 2
∑∞

n=1 q
n2

cos(2nz), q := eiπτ , τ ∈ C

θ3(z, τ) = 1√
−iτ

ez2/iπτ θ3

(
z
τ
|−1

τ

)
equivalently:

∞∑

n=−∞
e−(n+z)2t =

√
π

t

∞∑

n=0

e−
π2n2

t cos(2πnz), z, t ∈ C, Ret > 0

Higher dimensions: Poisson summ formula (Riemann)
∑

~n∈Zp

f(~n) =
∑

~m∈Zp

f̃(~m)

f̃ Fourier transform
[Gelbart + Miller, BAMS ’03, Iwaniec, Morgan, ICM ’06]

Truncated sums −→ asymptotic series
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Existence ofζA for A a ΨDO
1. A a positive-definite elliptic ΨDO of positive order m ∈ R+

2. A acts on the space of smooth sections of

3. E, n-dim vector bundle over

4. M closed n-dim manifold

(a) The zeta function is defined as:
ζA(s) = tr A−s =

∑
j λ

−s
j , Re s > n

m := s0

{λj} ordered spect of A, s0 = dimM/ordA abscissa of converg of ζA(s)

(b) ζA(s) has a meromorphic continuation to the whole complex plane C

(regular at s = 0), provided the principal symbol of A, am(x, ξ), admits a
spectral cut: Lθ = {λ ∈ C;Argλ = θ, θ1 < θ < θ2}, SpecA ∩ Lθ = ∅
(the Agmon-Nirenberg condition)

(c) The definition of ζA(s) depends on the position of the cut Lθ

(d) The only possible singularities of ζA(s) are poles at
sj = (n− j)/m, j = 0, 1, 2, . . . , n− 1, n+ 1, . . .



Definition of Determinant
H ΨDO operator {ϕi, λi} spectral decomposition

∏
i∈I λi ?! ln

∏
i∈I λi =

∑
i∈I lnλi

Riemann zeta func: ζ(s) =
∑∞

n=1 n
−s, Re s > 1 (& analytic cont)

Def nition: zeta function of H ζH(s) =
∑

i∈I λ
−s
i = tr H−s

As Mellin transform: ζH(s) = 1
Γ(s)

∫ ∞
0 dt ts−1 tr e−tH , Res > s0

Derivative: ζ ′H(0) = −∑
i∈I lnλi

Determinant: Ray & Singer, ’67
detζ H = exp [−ζ ′H(0)]

Weierstrass def: subtract leading behavior of λi in i, as i→ ∞,
until series

∑
i∈I lnλi converges =⇒ non-local counterterms !!

C. Soulé et al, Lectures on Arakelov Geometry, CUP 1992; A. Voros,...
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Properties
The definition of the determinant detζ A only depends on the 
homotopy class of the cut

A zeta function (and corresponding determinant) with the same
meromorphic structure in the complex s-plane and extending the
ordinary definition to operators ofcomplex order m ∈ C\Z (they do not
admit spectral cuts), has been obtained [Kontsevich and Vishik]

Asymptotic expansion for the heat kernel:

tr e−tA =
∑′

λ∈Spec A e
−tλ

∼ αn(A) +
∑

n6=j≥0 αj(A)t−sj +
∑

k≥1 βk(A)tk ln t, t ↓ 0

αn(A) = ζA(0), αj(A) = Γ(sj)Ress=sj
ζA(s), sj /∈ −N

αj(A) = (−1)k

k! [PP ζA(−k) + ψ(k + 1)Ress=−k ζA(s)] ,

sj = −k, k ∈ N

βk(A) = (−1)k+1

k! Ress=−k ζA(s), k ∈ N\{0}

PP φ := lims→p

[
φ(s) − Ress=p φ(s)

s−p

]



“ Hi, Emilio.  This is a question I have been trying to solve for years.   
With a bit of luck you could maybe provide me with a hint or two.

• Imagine I’ve got a functional integral and I perform a point transformation (doesn’t involve
derivatives).  Its Jacobian is a kind of functional determinant, but of a non-elliptic operator
(it is simply infinite times multiplication by a function.)   Did anybody study this seriously?

• I do know, from at least one paper I did with Luis AG, that in some cases (T duality) one is
bound to define something like

• det f(x) ~ det [f(x) O] / det O where O es an elliptic operator (e.g. the Laplacian)

• This is what Schwarz and Tseytlin did in order to obtain the dilaton transformation
• And LAG and I did also proceed in a basically similar way
• As I know, Konsevitch, too, uses a related method involving the multiplicative anomaly

Tell me what you know about, please.  Thanks so much.- Hugs,  Enrique “
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Multipl or N-Comm Anomaly, or Defect
Given A, B, and AB ψDOs, even if ζA, ζB, and ζAB exist,
it turns out that, in general,

detζ(AB) 6= detζA detζB





Multipl or N-Comm Anomaly, or Defect
Given A, B, and AB ψDOs, even if ζA, ζB, and ζAB exist,
it turns out that, in general,

detζ(AB) 6= detζA detζB

The multiplicative (or noncommutative) anomaly (defect)
is def ned as

δ(A,B) = ln

[
detζ(AB)

detζ A detζ B

]
= −ζ ′AB(0) + ζ ′A(0) + ζ ′B(0)

Wodzicki formula

δ(A,B) =
res

{
[ln σ(A,B)]2

}

2 ordA ordB (ordA+ ordB)

where σ(A,B) = AordBB−ordA
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The Dixmier Trace
In order to write down an action in operator language one needs a
functional that replaces integration

For the Yang-Mills theory this is the Dixmier trace

It is the unique extension of the usual trace to the ideal L(1,∞) of the
compact operators T such that the partial sums of its spectrum
diverge logarithmically as the number of terms in the sum:

σN (T ) :=
∑N−1

j=0 µj = O(logN), µ0 ≥ µ1 ≥ · · ·

Definition of the Dixmier trace of T:
Dtr T = limN→∞

1
log N σN (T )

provided that the Cesaro meansM(σ)(N) of the sequence in N are
convergent as N → ∞ [remember: M(f)(λ) = 1

ln λ

∫ λ

1
f(u)du

u ]

The Hardy-Littlewood theorem can be stated in a way that connects
the Dixmier trace with the residue of the zeta function of the operator
T−1 at s = 1 [Connes] Dtr T = lims→1+(s− 1)ζT−1(s)
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The Wodzicki Residue
The Wodzicki (or noncommutative) residue is the only extension of the
Dixmier trace to ΨDOs which are not in L(1,∞)

Only trace one can define in the algebra of ΨDOs (up to multipl const)

Definition: res A = 2 Ress=0 tr(A∆−s), ∆ Laplacian

Satisfies the trace condition: res (AB) = res (BA)

Important!: it can be expressed as an integral (local form)

res A =
∫

S∗M
tr a−n(x, ξ) dξ

with S∗M ⊂ T ∗M the co-sphere bundle onM (some authors put a
coefficient in front of the integral: Adler-Manin residue)

If dimM = n = − ord A (M compact Riemann, A elliptic, n ∈ N)
it coincides with the Dixmier trace, and Ress=1ζA(s) = 1

n res A
−1

The Wodzicki residue makes sense for ΨDOs of arbitrary order.
Even if the symbols aj(x,ξ), j < m, are not coordinate invariant, 
the integral is, and defines a trace
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Consequences of the Multipl Anomaly
In the path integral formulation

∫
[dΦ] exp

{
−

∫
dDx

[
Φ†(x)

( )
Φ(x) + · · ·

]}

Gaussian integration: −→ det
( )±


 A1 A2

A3 A4


 −→


 A

B




det(AB) or detA · detB ?

In a situation where a superselection rule exists, AB has no
sense (much less its determinant): =⇒ detA · detB

But if diagonal form obtained after change of basis (diag.
process), the preserved quantity is: =⇒ det(AB)
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Google Scholar: “zeta regularization” (about 25,100 results)  07/03/2025
Sorted by relevance

Zeta function regularization of path integrals in curved spacetime
SW Hawking - Communications in Mathematical Physics, 1977 - Springer
… One therefore has to adopt some regularization procedure. The technique that will be used
in this paper will be called the zeta function method. One forms a generalized zeta function …

Cited by 1858

Zeta regularization techniques with applications
E Elizalde ea - 1994 – World Sci.
… the authors on different aspects of zeta functions and related topics. … with the different aspects
of zeta-function regularization (analytic … Virtually all types of zeta functions are dealt with …
Cited by 1147

Effective Lagrangian and energy-momentum tensor in de Sitter space
JS Dowker, R Critchley - Physical Review D, 1976 - APS
… Firstly, if we adopt the proper-time regularization method so that the infinities appear only
when … We now turn to another regularization method the zeta-function method. We start from the …

Cited by 995

Ten physical applications of spectral zeta functions
E Elizalde - 2012 – Springer-Nature
… formulation of a fully-fledged zeta regularization method, it is … the first time, a zeta function
regularization method for quantum … that a well-defined and clear regularization prescription for a …

Cited by 831

EE 12/22 most cited
works on

“zeta regularization”
(includ. 2nd & 4th)

https://link.springer.com/article/10.1007/bf01626516
https://scholar.google.com/citations?user=-AEEg5AAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=14921579012897721435&as_sdt=2005&sciodt=0,5&hl=en
https://books.google.com/books?hl=en&lr=&id=PXkhYSqIeykC&oi=fnd&pg=PR7&dq=zeta+regularization&ots=WBweVFCsKb&sig=4g4b-31Kf_bGQjAQXtkfzUkF42o
https://scholar.google.com/citations?user=zUI39-oAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=11973989415280442899&as_sdt=2005&sciodt=0,5&hl=en
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.13.3224
https://scholar.google.com/scholar?cites=3152640868304318382&as_sdt=2005&sciodt=0,5&hl=en
https://books.google.com/books?hl=en&lr=&id=Mka5BQAAQBAJ&oi=fnd&pg=PP4&dq=zeta+regularization&ots=1-om8uE6nw&sig=ScPsh0uSg22sl4l13b4Bme6avXc
https://scholar.google.com/citations?user=zUI39-oAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=12582504704067101260&as_sdt=2005&sciodt=0,5&hl=en


Path integrals and the indefiniteness of the gravitational action
GW Gibbons, SW Hawking, MJ Perry - Nuclear Physics B, 1978 - Elsevier
… We perform a zeta function regularization of the one-loop term for gravity and obtain a
non-trivial scaling behavior in cases in which the background metric has non-zero curvature …
Cited by 829

Spectral functions in mathematics and physics
K Kirsten - AIP Conference Proceedings, 1999 - pubs.aip.org
… Of course, there are various possible regularization procedures; let us mention only Pauli-…
regularization and zeta function regularization. Here, we will use zeta function regularization
Cited by 557

Spectral functions, special functions and the Selberg zeta function
A Voros - Communications in Mathematical Physics, 1987 - Springer
… sequence, as defined by zeta regularization, can be simply … a factorization of the Selberg
zeta function into two functional … its connection to the Selberg zeta function and evaluates the …
Cited by 545

One-loop f (R) gravity in de Sitter universe
G Cognola, E Elizalde, S Nojiri… - Journal of Cosmology …, 2005 - iopscience.iop.org
… have been regularized by means of zeta-function regularization (see, for example [12,13]).
However, we should recall that within the zeta-function regularization it is no longer true that …
Cited by 495

Quantum gravity: the new synthesis
BS DeWitt - General relativity, 1979 - inis.iaea.org
… zeta function, regularization and renormalization, conformal invariance and the trace
anomaly, conformally flat spacetimes); the full quantum theory (the gauge group, the Feynman …
Cited by 462

Regularization, renormalization, and covariant geodesic point separation
SM Christensen - Physical Review D, 1978 - APS
… We will see that the breaking of conformal invariance in this regularization technique leads
to … zeta-function, and point-separation regularization methods beginning from the same initial …
Cited by 459

The path-integral approach to quantum gravity
SW Hawking - General relativity, 1979 - inis.iaea.org
… approximation; zeta function regularization; the background fields (some positive-definite
metrics which are solutions of the Einstein equations in vacuum or with a Λ-term); gravitational …
Cited by 408

Trace anomaly of a conformally invariant quantum field in curved 
spacetime
RM Wald - Physical Review D, 1978 - APS
… , '"' dimensional regularization, "and zeta-function regularization. "In addition, I have …
Explicit calculations in four dimensions using dimensional regularization, zeta-function regul…
Cited by 399

Zeta functions and the Casimir energy
SK Blau, M Visser, A Wipf - Nuclear Physics B, 1988 - Elsevier
… Zeta functions on manifolds with boundary. As a regularization technique we shall use the
zeta… Its relation to other methods (eg, dimensional regularization) has been discussed in the …
Cited by 330

Heat kernel coefficients of the Laplace operator on 
the D‐dimensional ball
M Bordag, E Elizalde, K Kirsten - Journal of Mathematical Physics, 1996 - pubs.aip.org
… is the complex argument s of the zeta function of the Laplace … a representation of the associated
zeta function in terms of a … an analytical representation of the zeta function —valid in the …
Cited by 284

Casimir energies for massive scalar fields in a spherical geometry
M Bordag, E Elizalde, K Kirsten, S Leseduarte - Physical Review D, 1997 - APS
… zeta function regularization was developed see also 24. In this approach, a knowledge of the
zeta … Recently, a detailed description of how to obtain the zeta function for a massive scalar …
Cited by 216

https://www.sciencedirect.com/science/article/pii/055032137890161X
https://scholar.google.com/citations?user=-AEEg5AAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=j2fD8FcAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=17234435099639400025&as_sdt=2005&sciodt=0,5&hl=en
https://pubs.aip.org/aip/acp/article-abstract/484/1/106/747180
https://scholar.google.com/citations?user=62YEy9oAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=2574633099512437725&as_sdt=2005&sciodt=0,5&hl=en
https://link.springer.com/article/10.1007/BF01212422
https://scholar.google.com/scholar?cites=17256869908912161440&as_sdt=2005&sciodt=0,5&hl=en
https://iopscience.iop.org/article/10.1088/1475-7516/2005/02/010/meta
https://scholar.google.com/citations?user=sM8ZFkUAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=zUI39-oAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=-NJqy7oAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=4225492149930309412&as_sdt=2005&sciodt=0,5&hl=en
https://inis.iaea.org/search/search.aspx?orig_q=RN:11506258
https://scholar.google.com/scholar?cites=7143335004633436869&as_sdt=2005&sciodt=0,5&hl=en
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.17.946
https://scholar.google.com/citations?user=3KO12ZIAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=14197277904647834572&as_sdt=2005&sciodt=0,5&hl=en
https://inis.iaea.org/Search/search.aspx?orig_q=RN:11506295
https://scholar.google.com/citations?user=-AEEg5AAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=9605547203688668051&as_sdt=2005&sciodt=0,5&hl=en
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.17.1477
https://scholar.google.com/scholar?cites=9253576049136441030&as_sdt=2005&sciodt=0,5&hl=en
https://www.sciencedirect.com/science/article/pii/0550321388900594
https://scholar.google.com/citations?user=uYKUPTwAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=KZ8OeiAAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=9678871642411789272&as_sdt=2005&sciodt=0,5&hl=en
https://pubs.aip.org/aip/jmp/article-abstract/37/2/895/230002
https://scholar.google.com/citations?user=zUI39-oAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=62YEy9oAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=11005294857247107847&as_sdt=2005&sciodt=0,5&hl=en
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.56.4896
https://scholar.google.com/citations?user=zUI39-oAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=62YEy9oAAAAJ&hl=en&oi=sra
https://scholar.google.com/scholar?cites=9391040189848660133&as_sdt=2005&sciodt=0,5&hl=en


Casimir effect in de Sitter and anti–de Sitter braneworlds
E Elizalde, S Nojiri, SD Odintsov, S Ogushi - Physical Review D, 2003 - APS
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